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The resolving power of the x-ray double spectrometer has been increased by a factor of 2 to 4 
by employing etched quartz crystals. The shapes of the Ka lines of Mo, Cu and Ti have been 
observed in anti-parallel positions and the correction for the finite resolving power of the 
crystals is shown to be practically negligible. Data on the Au La line is also considered. 


INTRODUCTION 


¥ was early recognized that the high resolving 
power of the two crystal x-ray spectrometer 
offers an approach to the problem of determining 
the natural widths of x-ray lines.' The instrument 
operating in any anti-parallel position gives 
ionization curves whose shapes are determined 
by three factors: (1) the contributions of the 
diffraction patterns of the two crystals, (2) the 
geometrical divergence or lack of perfect collima- 
tion of the x-ray beam, and (3) the natural 
distribution of energy in the x-ray line itself. In 
attempting to obtain natural line shapes or 
widths, investigators have used crystals whose 
diffraction patterns are as narrow as possible, 
though still finite, and they have limited the 
divergence of the incident beam until its contri- 
bution is practically negligible. 

For qualitative measurements of line widths, 
sufficiently high resolving power is obtained 


* National Research Fellow. 

‘In addition to the references given in footnote 1 of 
Allison, Phys. Rev. 44, 63 (1933), see Swartschild, Phys. 
Rev. 32, 162 (1928); Williams, Phys. Rev. 37, 1431 (1931); 
45, 71 (1934); Bearden, Phys Rev. 43, 92 (1933); Parratt, 
Phys. Rev. 44, 695 (1933); 45, 364 (1934); Richtmyer and 
Barnes, Phys. Rev. 46, 352 (1934); Richtmyer, Barnes and 
Ramberg, Phys. Rev., November 15, 1934; and Smith, 
Phys. Rev. 46, 343 (1934). 


with crystals whose (1, —1) curve width? is less 
than, say of the order of 1/5, the width of the 
(1, +1) curve being studied. ‘‘Perfect” calcite* 
crystals have the ratiot® (1, —1)/(1, +1) 
widths of about 1/5 for Ka lines,*: 7 about 1/10 
for La lines,* and about 1/15 for Ma lines.® 


2 No method has been developed to measure the crystal 
diffraction patterns directly but the width of the (1, —1) 
curve is intimately dependent upon the pattern widths and 
in practice is taken as a measure of them. The (1, —1) 
curve however gives very little information about the 
shape (other than width) of the diffraction patterns. 
Assuming monochromatic radiation of \=1.54A, Allison 
(Phys. Rev. 44, 63 (1933)) has calculated the shape of the 
(1, +1) curve of “perfect” calcite crystals on the basis of 
the Darwin-Ewald-Prins theory of crystalline reflection. 
The width of this curve is approximately the same as the 
width of the observed symmetrical (1, —1) curve for the 
same wave-length but its shape is asymmetrical due to the 
waaay of the single al diffraction patterns 
predicted by the theory (see references 4 and 5). 

*The width of the characteristic crystal diffraction 
pattern (or of the (1, —1) curve) can be considered as 
com of two factors: (1) the interference pattern due 
to the arrangement of the electrons and atoms relative to 
each other in a “perfect” lattice structure, and (2) the 
distortions of the pattern, increase in width, due to 
imperfections in the lattice, the so-called mosaic structure. 
“Perfect” calcite refers to specimens in which there is no 
evidence of mosaic structure where the Darwin-Ewald- 
Prins theory of crystalline reflection is used as the criterion. 

* Allison, Phys. Rev. 41, 1 (1932). 

5 Parratt, Phys. Rev. 41, 561 (1932). 

* Allison, Phys. Rev. 44, 63 (1933). 

7 Parratt, Phys. Rev. 44, 695 (1933). 

* Williams, Phys. Rev. 45, 71 (1934). 


*The width of the (1, +1) curve of U Ma (3.9A) 
measured with the ite crystals previously studied 
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The author has recently reported’® on the 
practicality, for x-ray spectrometers, of etched 
quartz crystals reflecting from the (11-0) planes. 
The diffraction patterns of quartz, as indicated 
by the widths of the (1, —1) curves, are con- 
siderably narrower than those of calcite, offering 
from 2 to 4 times the resolving power. With 
etched quartz the ratios of (1, —1)/(1, +1) 
widths are approximately 1/11 and 1/30 for Ka 
lines (A>0.7A) and for La lines, respectively. 
The greater resolving power brings the observed 
(1, +1) curves much nearer the goal of true line 
shapes for the K lines but the increased resolution 
is perhaps of no great practical importance for 
the wide L and M lines. With “‘perfect’’ calcite 
crystals the (1, +1) width® of Cu Ka (1.54A) is 
0.58 x.u.; with quartz, 0.475 x.u. With calcite 
the width® of Au La; (1.27A) is 1.13 x.u.; with 
quartz, 1.08 x.u. 

It is the purpose of the present experiments 
to measure the widths of several Ka lines using 
the high resolving power of the quartz crystals. 
These widths, when compared with the widths 
of the same lines measured with calcite crystals, 
lead to a relation between the observed (1, +1) 
and (1, —1) widths that indicates the correction 
for the finite resolving power of the crystals in 
obtaining the érue line width. 


APPARATUS AND MEASUREMENTS 


The double spectrometer and general set-up 
have been previously described." 

All the curves herein reported were recorded 
by rotating the second crystal only. This pro- 
cedure has been shown experimentally by Allison 
to give the same line shape and width for Co Ka, 
as obtained when both crystals were rotated 
simultaneously.* With the assurance of a broad 
focal spot the main objection to single rotation 
is the non-uniform reflectivity of various regions 
of the crystal surfaces, known to be present 
with many calcite cleavage surfaces. Richtmyer 


(reference 5) is 440 seconds of arc. (This measurement has 
not been reported before). 

” Parratt, Rev. Sci. Inst. 5, Dec. (1934). Bozorth and 
Haworth, Phys. Rev. 45, 821 (1934), found very narrow 
(1, —1) curves at A\=0. TIA (Mo Ka) with etched quartz 
crystals and very kindly supplied the author with a pair 
of similarly treated crystals. These crystals, whose re- 
flectivity has been studied for 0.5 <A <4. 6A, are the quartz 

als used in the nt experiments. 

u oom Phys. Rev. 41, 553 (1932); Rev. Sci. Inst. 5, 


and Barnes” have found that this irregularity is 
eliminated by grinding and etching the calcite 
surfaces, and probably the ground and etched 
quartz surfaces have uniform reflectivity also. 
No tests on this point could be conveniently 
carried out. 

A Siegbahn type molecular pump" was used 
on the x-ray tube part of the time but the 
vacuum so obtained was not as good as that 
produced with mercury condensation pumps. 
The inconstancy of voltage (above 25 kv) and 
the more rapid rate of deposition of tungsten on 
the target (for 421.5A) prohibited the use of 
this pump for accurate ionization measurements. 

In recording all the data with quartz crystals 
a Seeman slit at crystal A was used, and all the 
data with calcite were taken with the con- 
ventional two slits." The maximum horizontal 
divergence of any ray with respect to the central 
ray was 0.008 radians for the curves recorded 
with calcite, and approximately 0.005 radians 
for the curves with quartz. The maximum 
vertical divergence, ¢,, with respect to the 
central ray, and the x-ray tube voltage and 
current are included in the accompanying Tables 


TABLE I. Measurements on Cu Ka, with etched quarts 
crystals (11-0) planes. 


Full width at Degree 
Volt- Cur- half max. int. of 
Om age rent asym- 
Position (radians) (kv) (m.a.) (secs.) (x.u.) metry 


(1, —1) 0.015 15 20 4.0 0.045 1 
0.01 3.5 0.039 
0.007 3.4 0.038 “ 
0.0048 3.4 0.038 “ 
(2,-—2) 0.01 25 20 2.25 0.01 1 
0.007 2.2 0.01 st 
0.0048 2.2 0.01 
(i, +1) 0.015 25 30 50 0.566 1.3 
0.01 43 0.486 =1.25 
0.007 42 0.475 1.2 
15 45 42 0.475 1.2 
0.0048 25 30 42 0.475 = 1.2 
(1, +2) 0.01 29 80 0.525 1.3 
0.0048“ 71 0.47 1.2 
(2,+1) 0.01 29 = 35 82 0.54 1.3 
0.0048 =“ = 71 0.47 1.2 
(2, +2) 0.01 0.55 1.35 
0.0048 =“ 95 0.44 1.2 


” Richtmyer and Barnes, Rev. Sci. Inst. 5, 351 (1934). 

4“ This pump, constructed in Siegbahn’'s laboratory, is 
identical with the one pictured on page 103 of Seigbahn’'s 
Specktroskopie der Rintgenstrahlen, second edition. 
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TABLE II. Measurements on Cu Ka, with relatively “poor” 


calcite crystals 
Full width at — 
Volt- Cur- half max. int. 
on age rent ——————— 
Position (radians) (kv) (m.a.) (secs.) (x.u.) metry 
Crystals A,B, 
(1,—1) 0.015 16 «10 13 0.185 1 
(2, —2) 16 20 5.7 0.036 1.1(?) 
(1, +1) 52 0.74 1.3 
(1, +2) a 20 3=«25 74 0.65 14 
(2, +1) 20 78 0.68 14 
(2, +2) as 25 30 104 0.66 1.4 
Crystals A,B; 
(l,—-1) 0.015 16 15 0.214 #1 
+1) 20 59 0.84 1.4 


TABLE III. Measurements on Cu Kaz with various crystals 


Full width at Degree 
Volt- Cur- half max. int. of 
om age rent asym- 
Position (radians) (kv) (m.a.) (secs.) (x.u.) metry 
Etched quarts crystals 
(1,-—1) 0.007 15 20 34 0.038 1 
(1, +1) 0.007 25 30 0.66 1.2 
Calcite crystals A,B, 
(1, —1) 0.015 16 10 1 0.185 1 
(1, +1) 0.015 20 15 62 0.88 1.2 
Calcite crystals A,B: 
(1, —1) 0.015 16 10 15 os 1 
(1, +1) 0.015 20 15 69 0. 1.2 


TABLE IV. Measurements on the Ka doublet of Mo and Ti 
with etched quarts crystals. 


Full width at Degree 
Volt- Cur- half max. int. of 
(radi- age rent ——————— asym 
Line Position ans) (ev) (m.a.) (secs.) (x.u.) metry 


Mo Ka (1, —1) 0.005 30 30 2.5 0.029 1 
(1,41) “ = Ga 4 
(1,+1) “ “ 23.8 0.281 1 
TiKa (1i,-—1) 0.007 10 15 7.6 0.075 1 
> 25 25 92 0.905 1.12 
(1,41) “ “ 120 =1.18 1.06 


I-IV. The vertical stops, one near the x-ray tube 
and the other at the window of the ion chamber, 
were 42 cm apart. 

The Ka doublet lines of Mo, Cu and Ti were 
chosen as representative of a wide range of 
wave-lengths and line widths. With another pair 
of similar etched quartz crystals, the width of 
the La; line of Au was measured by Richtmyer, 
Barnes and Ramberg" in this laboratory. The 


™“ Richtmyer, Barnes and Ramberg, reference 1. 


high voltage equipment used by the author was 
not capable of exciting wave-lengths shorter than 
Mo Ka with sufficient intensity to measure; 
however, the resolving power of quartz relative 
to that of calcite decreases rapidly for shorter 
wave-lengths and little could be gained by 
measuring, say, the W Ka; line with quartz. 

In Tables I-IV are presented the measure- 
ments of the full widths and degrees of asym- 
metry*: ’ of the observed curves taken in various 
positions of the spectrometer and with various 
values of vertical divergence. The data are 
averages of at least two independent trials in 
each case. 

The Ka doublet lines of Cu are, with quartz 
crystals, completely separated; that is, the 
“overlapping factor’’ (defined® as twice the ratio 
of the minimum intensity between the doublet 
to the maximum intensity of the a line) is zero. 
Using ‘“‘perfect’’ calcite crystals these factors 
were found to be 0.08 and 0.34 for Cu* and Ti’, 
respectively. The data on the Ti Ka doublet 
refer to the component lines obtained by cor- 
recting'® the observed contour for overlapping. 

As mentioned in the previous report’® on 
quartz crystals, the second order reflection is 
relatively more intense than is the case with 
calcite crystals. The possibility of the observed 
curves being altered by second order reflection 
of the continuous radiation of half the wave- 
length was checked in the (1, +1) position with 
Cu Ka, by running at 15 kv and at 25 kv as 
indicated in Table I. The excitation potential of 
Cu Ka, is 8.9 kv. No difference in shape or 
width was detected. 

Finally, after all the measurements had been 
made, the (2, —2) curve of Cu Ka was repeated 
in order to make sure the crystals had not 
changed or got out of adjustment. The width 
was the same and the curve was symmetrical, 
as it was three months before. Various tests of 
the reflectivity of calcite have shown that calcite, 
if carefully handled, does not change over a 
period of time, and it is to be expected that 
quartz, a much harder and more stable crystal, 
would not change. 


“% This correction, since the lines are asymmetrical and 


of different degrees of asymmetry, is approxi- 
mate (see reference 7). « 
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True’ Line WiptH 


With the influence of the geometrical diver- 
gence reduced to a negligible amount, one can 
determine the true line shape if a correction for 
the finite resolving power of the crystals can be 
made. Smith has recently worked out a method!’ 
of obtaining the true line shape by correcting 
for the crystals but this method involves an 
analytic expression for the observed curve in 
each of the (1, +1), (1, +2), (2, +1) and (2, +2) 
positions. More expedient would be a correction 
for the width at half maximum intensity of the 
single (1, +1) curve (the crystals having been 
previously calibrated in the (1, —1) positions) 
by some sort of subtraction formula. Several 
different subtraction formulae have been pro- 
posed. 

First, on the assumption'® that the true and 
(1, —1) shapes are both adequately represented 
by the Gaussian error function 


(la) 


the (1, +1) curve must also be.an error curve 
and the correction follows that 


W?= We, (1b) 


where W, refers to the true width, Wy and W, 
the widths of the observed (1, +1) and (1, —1) 
curves, respectively, all at half maximum in- 
tensity. Subsequent work has shown that neither 
the (1, +1) nor the (1, —1) curve is of the 
Gaussian form. 

Second, on the assumption that the true and 
(1, —1) curves are of the classical dispersion 
shape!® 


(2a) 


The theory of line shapes (Weisskopf and Wigner, 
Zeits. f. Physik 63, 54 (1930)) indicates a convenience in 
distinguishing between “true” and “natural” line widths. 
The terminology adopted by Richtmyer, Barnes and 
Ramberg is as follows: “True” refers to the line as it 
emerges from the target or as it is incident upon the 
cee ro “Natural” refers to that part of the “true” 
line produced by what amounts to classical radiation 
damping: characteristic of the atom alone rather than of 
the atom and its environment as they exist in the target. 
In the present report, as in all previous experimental 
pe on line widths, by the term “natural” is meant 


" i Smith, Phys. Rev. 46, 343 (1934 

18 Ehreahey od Mark, Zeits. f. Physik 42, 807 (1927). 
Swartschild Rev. 32, 162 (1928). 

Hoyt, Phys. | Rev. 40, a, (1930); Barnes and Palmer, 


Phys. Rev. 43, 1050 (1933 
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the (1, +1) curve must be of the same shape and 
the correction is 


W,= Wo— W.. (2b) 


With the W Ka; line, the (1, +1) and (1, —1) 
curves observed with calcite are both represented 
surprisingly accurately by the classical shape, 
Eq. (2a). For such lines this correction formula 
seems adequate but with quartz the (1, —1) 
shapes are different'® and invalidate the cor- 
rection. Also for longer wave-lengths the (1, — 1) 
curves of calcite do not fit'® this classical shape. 
For \>1.4A the (1, +1) curves of K lines 
become asymmetrical. Asymmetry of the (1, +1) 
curves of La; and Ma; lines is also observed at 
silver and uranium, respectively. 
Third, the empirical correction, 


W,= Wo—3W., (3) 


which is sort of “in between” the above two 
corrections, seems to satisfy for the Mo Ka; line 
in first, second, and third order reflections and 
is being applied by Richtmyer, Barnes and 
Ramberg"! to the (1, +1) measurements of the 
Au La lines. 

Another approach to the problem of correcting 
for the crystals is sketched in Fig. 1, in which 
the widths of the (1, —1) curves are plotted 
against the widths of the (1, +1) curves. Each 
point, for a given line, represents data taken 
with a separate pair of crystals. Calcite and 
quartz data are plotted on the same graph so 
the widths have been converted from angular 
measure to x.u., taking account of the different 
dispersions. The intercept on the ordinate axis 
of the extrapolated curve is the (1, +1) width 
which might be observed were the (1, —1) width 
zero. Zero (1, —1) width implies that the crystal 
diffraction patterns have zero width, or that the 
spectrometer has infinite resolving power. This 
intercept is then to be interpreted as the true 
line width. 

The variety of points of Cu Ka in the figure 
indicates clearly that the correction formula is 
not linear, as are Eqs. (2b) and (3) except to a 
first approximation for small (1, —1)/(1, +1) 
widths ratios. The figure shows also that this 
approximation is perhaps justified in the cases of 
Au La, Mo Ka and probably W Ka;,, especially 
with the higher orders of reflection,” if in each 
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Fic. 1. A plot of the full widths of the rocking curves 
recorded in the (1, +1) and (1, —1) positions with quartz 
and with various calcite crystals. The value of the extra- 
polated (1, +1) width for zero (1, —1) width (that is, for 
infinite resolving power) may be interpreted as the true 
width of the x-ray line. The data for Mo Ka,+ and 
Cu Ka,» with calcite crystals are taken from 
reference 6, for Ti Ka, from reference 7. The point 
marked by a cross on the Mo Ka, curve is taken from 
reference 21. The three Au La; points were measured by 
the investigators indicated in Table V. 


case “perfect” calcite crystals are employed. 
Further, it seems reasonable that the slope of 
the correction curve as it intercepts the axis of 
(1, +1) widths should decrease to zero as the 
resolving power increases to infinity. Conse- 
quently the equation of the curves of Fig. 1 has 
been assumed to be of the form 


W,= Wo—f(W.)= Wo— kW (4) 


with the same notation as above. A determina- 
tion of the constants & and x and the resulting 
W, gives”® 


W,= W,—30W2**= 0.265 x.u. 
for Mo Ka, A=0.71A, (5) 


W,= W,—30W2 0.47 x.u. 
for Cu Ka, A=1.54A, (6) 


*° The dimensions of Eq. (4) require the value of & to 
depend upon the units of the width terms. Eqs. (5), (6) 
and (7) are in x. units. 


W,= W,—6W2=0.865 x.u. 
for Ti Ka, A=2.74A. (7) 


Several investigators have reported! two crys- 
tal measurements on the Cu Ka and Mo Ka 
lines but in most cases either the crystals are not 
reliable, giving various (1, —1) and (2, —2) 
widths with correspondingly large experimental 
errors, or the requisite limitation of the vertical 
divergence is not satisfied. Spencer reports* that 
the crystals he used in measuring the Mo Ka, 
width gave (1, —1) curves at A=0.71A of 
widths ‘“‘from 12 seconds upwards,” sometimes 
having a “double peak.’’ Nevertheless, in need 
of some point with relatively poor crystals (low 
resolving power) Fig, 1 includes his measure- 
ments. 

The three points for Au La, (1.27A) are given 
in Table V. 


Tasie V. Full widths, x.u., of Au La, for the (1, —1) and 
(1, +1) positions. 


Quartz Calcite Calcite™* 
Richtmyer, Barnes Williams* Richtmyer, Barnes 
and Ramberg" and Ramberg" 
(1, —1) 0.035 0.127 0.176 
(1, +1) 1.08 1.13 1.15 


These points fall very nearly on a straight line. 
However, as the resolving power approaches 
infinity, the curve should intercept the (1, +1) 
axis with a slope approaching zero, and such a 
curve has been drawn in the figure. The value 
of W, so obtained is 1.073. The difference 
between W, and W, with quartz is well within 
the experimental error. 

The values of k and x for Mo Ka; are sensitive 
to the position of the point marked by a cross in 
Fig. 1. The experimental error of this point is 
rather large and so the constants of Eq. (5) may 
not be correct. There is an insufficient number 
of points on the Ti Ka curve to be certain of 
the constants in Eq. (7). The third Au La; 
point is somewhat indefinite*—the Au curve is 
probably more nearly parallel to the Ti curves 


*! Spencer, Phys. Rev. 38, 630 (1931). 

22 As Richtmyer, Barnes and Ramberg point out, these 
measurements were taken with the spectrometer and 
crystals out of adjustment. The increase in width, which 
results from malalignment of the crystals, of the (1, —1) 
curve is'much more sensitive than that of the (1, +1) 
curve, and the point in Fig. 1 representing these data is 
therefore somewhat indefinite. ° 
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than is shown in the figure. However, probably 
both & and x are functions of the (1, +1) and 
(1, —1) widths, or perhaps of the wave-length 
and the ratio of (1, +1)/(1, —1) widths. Pos- 
sibly with more data these functions could be 
ascertained but considering the variations of 
(1, —1) shapes with both wave-length and 
crystals," and that many (1, +1) shapes are 
asymmetrical, it seems unlikely that the compli- 
cated general correction formula would be worth 
while. Particularly is this so since the (1, +1) 
widths taken with quartz are so near the inter- 
cept values that the correction for most K and 
for all L and M lines would be close to or less 
than the experimental error. 

The different degrees of asymmetry of Cu 
Km,: obtained with calcite and with quartz 
warrants comment. Allison reports’ the asym- 
metry of this line, measured with calcite, as 1.4. 
One would expect that with higher resolution 
the observed asymmetry would be increased. 
The asymmetry of the (1, +1) curve of the 
crystals only, i.e., for strictly monochromatic 
radiation, would contribute slightly either posi- 
tively or negatively to the true line asymmetry. 
The absorption of the x-rays in calcite causes 
the diffraction patterns to be asymmetrical* 
as determined from the Darwin-Ewald-Prins 
theory. The theory has not yet been applied to 
quartz crystals. Also the observed asymmetry 
may conceivably be increased by the geometrical 
divergence of the x-ray beam. Larger values of 
¢m seem to be accompanied by greater degrees of 
asymmetry, Table I. ) 

The asymmetries of the Ti Ka lines as meas- 
ured with quartz are also somewhat less than as 
measured with calcite. 

The shapes of the (1, +1) curves of Mo Kay, + 
are symmetrical as measured with either quartz 
or calcite and, within experimental error, agree 
with the classical line shape, Eq. (2a); 

A plot of the vertical divergence, ¢,., against 
the observed line width shows that if the 
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geometrical resolving power is greater than the 
physical resolving power,” i.e., 


(8) 


where D is the dispersion and W, the width of 
the curve in the parallel position, no further 
decrease in the width of the curve in the anti- 
parallel position could be obtained. That the 
resolving power is limited by the geometry of 
the instrument when ¢,, does not satisfy Eq. (8) 
is shown in the greater widths of the observed 
lines, Tables I and IT. 

The original intention in recording the rocking 
curves of Cu Ka; in the various positions of the 
quartz crystals was to provide data to determine 
the true line shape by the method of Smith.’ 
It was found that the shapes of the (1, +1), 
(1, +2), (2, +1) and (2, +2) curves are the same. 
This may be taken as a reasonable indication that 
the contributions of the crystal diffraction pat- 
terns are negligible—that the common shape of 
these curves actually represents within experi- 
mental error the true line shape. However, an 
attempt to prove this point merely from the 
expressions given by Smith was unsuccessful, 
and, to make certain, the experimental curves 
are being studied further in accordance with this 
method. It is intended that these several rocking 
curves be repeated in the near future with 
“poorer”’ crystals for the purpose of more deci- 
sively checking Smith's analysis. 
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The Variation of the K Resonating Strength with Atomic Number 


J. A. WHEELER* AND J. A. BEARDEN, New York University and Johns Hopkins Umsversity 
(Received August 14, 1934) 


The resonating strength of the K-shell or the effective 
number Nx of K electrons is less than 2 and varies with 
atomic number. It is determined in the present paper by 
an approximate theory using Hartree wave functions. 
The results are compared with N, values obtained by 
anomalous dispersion, by computation from the most 


reliable absorption experiments, and by an approximate 
absorption theory of Hénl and Williams. Below atomic 
number 40 the present theory gives good results and 
allows of the determination of the N, values which are 
needed in finding absolute x-ray wave-lengths from dis- 
persion measurements. 


HE general dispersion! formula gives the re- 
fractive index m at the frequency »; in 
terms of the electron number f as 


Ne df(v) 


where » is the natural frequency of the electrons 
in the refracting material and N., e, m and Z 
have their usual meaning. If one assumes an 
absorption law of the form yu/p=cX", then for 
n=3, Eq. (1) can be written in the form 


LW m2r1 {1+ ] 


and for n=2.5 


2x, 


where 6=1—y; x=v;/m%; p is the density of the 
refracting substance and W its molecular weight, 
F is the Faraday constant ; and N, is the effective 
number of electrons in the s shell. 

Equations of the type (2) and (3) have been 
used in calculating the absolute x-ray wave- 
lengths from dispersion measurements.?~* Various 


* National Research Fellow, New York University. This 
work was begun while at Johns Hopkins University. 
See for example, — and J , Elementare Quanten- 
mechanik, ist Ed., 
. A. Bearden, _ we 39, 1 (1932). 
e A. Bearden and C. H. Shaw, Phys. Rev. 40, 1031 
) 


aeati Shiba, Inst. of Chem. and Phys., Tokyo 19, 97 
). 
asd” Bearden and J. A. Wheeler, Phys. Rev. 43, 1059 


values of N, have been used for the K electron 
shells and it is obvious that this factor affects the 
calculated wave-length considerably. The value 
of N, for any element can be evaluated from 
the absorption law for that element. It can also 
be determined from theoretical considerations. 
The purpose of the present paper is to theoreti- 
cally determine the value of NV, for those elements 
for which the Hartree wave functions are avail- 
able and also to calculate the values of N, for 
those elements on which good absorption meas- 
urements have been made. 


DETERMINATION OF N, FROM THEORY 


In principle the true mass absorption coeffi- 
cient and hence N;, can be calculated by evalua- 
tion of matrix elements for transitions to the 
continuous spectrum. This calculation is practical 
only when approximations are made. Starting 
out from a common point of view, Hénl,’ 
Williams,* and Bethe® proceed by a method 
whose essential idea may be seen by reference 
to Fig. 1. The ejected K electron is treated as 
moving in a potential unchanged by its jump 
from the original energy — E, to the final energy 
E=hv—E,. This potential is divided into two 
parts, one representing a pure inverse square 
force, the other being nearly constant in the 
region where the important contributions to 
the photoelectric matrix elements occur. The 
first, V,, arises from the attraction of the nucleus 
diminished by the screening effect S of the other 
K electron. The remainder of the effect of the 


K electron is combined with the repulsion arising 


*R. T. Birge, National Academy, Washington, 1934. 

7H. Hénl, Zeits. f. Physik 84, 1 11933), 

*E. J. Williams, Proc. Roy. Soc. A143, 358 (1934). 

*H. Bethe, Handbuch der Physik, 2nd Ed., XXIV, 
Part I, p. 478. 
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Fic. 1. Schematic diagram of potentials and wave 
functions for heavy element indicating how the hydrogenic 
photoelectric effect is extrapolated past the Lyman limit 
to give x-ray absorption. 


from all the other electrons to give the potential 
V., which for large atomic number approximates 
a constant value V> in the K shell. Thus one may 
use hydrogenic wave functions corresponding to 
nuclear charge Z—S and energies — E,— V» and 
E—V, to approximate in the neighborhood of 
the K shell the actual wave functions y, and 
ve for energies —E, and E. The necessary 
matrix elements for hydrogenic functions have 
been calculated by Sugiura.'® However, it is 
clear that the approximation used for yz is not 
good outside of the region where V, is constant, 
and it is just the behavior of ¥x for large distances 
that determines the normalization factor by 
which the hydrogenic photoelectric absorption 
must be multiplied to give the desired value. 
Hénl and Bethe refer to approximate arguments 
based on the Wentzel-Kramers-Brillouin ex- 
pression for the wave functions in the region 
where V, varies and believe that the normaliza- 
tion factor is not changed much from unity by 
the variation of V,. 

When E lies between 0 and Vo, although yz is 
in the continuous spectrum, the hydrogenic 
function approximating it is in the discrete 
spectrum, where of course there is no photo- 
electric absorption. Therefore Hénl and Williams 
are obliged to extrapolate the hydrogenic photo- 
electric absorption to wave-lengths considerably 
longer than the Lyman series limit to obtain the 
x-ray absorption all the way up to the K limit. 
This extrapolation is indicated schematically in 
the left-hand part of Fig. 1. 

It is clear that in addition to the original 
assumption of a potential unaltered by the 


~ W Sugiura, J. de physique 8, 113 (1927). 
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transition of a K electron, three approximations 
were made in the method of Hénl, Williams and 
Bethe : 

(1) Obtaining absorption near K-limit by ex- 
trapolation. 

(2) Normalization factor not accurately de- 
termined. 

(3) No variation of V, in the region where y, 
is large. 

In the region of relatively small atomic num- 
bers (Si and O) important for absolute x-ray 
wave-lengths the use of assumption (3) may no 
longer be a good approximation. 

The method used in the present work is quite 
different from the above method and is based 
upon the f sum rule" according to which a single 
electron in any fixed potential has for its transi- 
tions from a given initial state to all other states, 
both continuous and discrete, occupied and un- 
occupied, f values whose sum is unity. But N, is 
defined as the strength of all permitted transi- 
tions of the K electrons, both continuous and 
discrete. According to the Pauli principle transi- 
tions to the occupied states of the atom are not 
permitted. Therefore 

Ni=2(1-E fen) 
occupied states n. 

The advantage of using this relation is that to 
obtain N, one needs to calculate only the 
strength of a few transitions in the discrete 
spectrum, where one has a much better knowl- 
edge of the wave functions than in the con- 
tinuum. For example, the Hartree functions 
already take account of the variation of V, with 
distance. The matrix elements involved in find- 
ing the f values given below were calculated 
from the wave functions of the states in question 
in a self-consistent field. 

Strictly speaking, it is not right to apply the 
f sum rule to transitions probabilities calcu- 
lated in this way, because slightly different 
potentials are used in calculating the different 
Hartree functions, whereas the sum rule assumes 
a fixed potential. On the other hand, the assump- 
tion of a fixed potential is wrong in itself. It 
would be of no advantage to recalculate the 
wave functions on the basis of a fixed potential 


" R. L. Kronig and H. A. Kramers, Zeits. f. Physik 48, 
174 (1928). 


y, 
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when the error arising from a fixed potential is 
of the same type as the error due to the self-con- 
sistent wave functions, both errors originating in 
the circumstance that a transition of one electron 
changes the wave function of all electrons. 
Proper allowance for this effect and for electron 
exchange would involve an amount of calcu- 
lation not justified by increased accuracy of N,. 

Table I lists the f values, the source of the 
wave functions used in the calculations and the 


TABLE I. f values and the resulting values of Nx. 


Source of 
Element Z functions fxr fxm fxn Nx 
Helium 12 2.00 
Oxygen artree 

and Black” 0.162 1.78 


Chlorine 17 Hartree 0.247 0.013 1.48 
Copper 29 Hartree 0.320 0.030 1.30 
Caesium 55 Hartree’ '*’ 0.370 0.054 0.011 0.003 1.12 


resulting values of Ny. The resultant values of 
N;, are plotted in Fig. 2 along with the results of 
H6nl and Williams and with the values of N, ob- 
tained by integration of the absorption data 
tabulated in Table IT. 


EFFECTIVE NUMBER OF ELECTRONS FROM 
EXPERIMENT 


The relation between the oscillator strength, 
f, the frequency of the impressed radiation », 
and the true mass absorption coefficient r/p, 
of that frequency can be written in the form'* 


df /dv=(mc/xe*)-m,7/p (4) 


where m, is the mass of the given atom in grams. 
Experimentally +/p can be divided into parts 
(rx/p), (rx/p), etc., whose relative magnitudes 
depend upon the number of electrons ejected 
from the K, L, --~- shells by the radiation. 

Thus the effective number of electrons in the 
K shell can be defined in terms of observables: 


No upper shells are occupied in helium, and J. P. 
Vinti has shown that the effect of two-electron jumps is 
very small. Phys. Rev. 42, 639 (1932). 

4D. R. Hartree and M. M. Black, Proc. Roy. Soc. 
A139, 311 (1933). 

“D. R. Hartree, Proc. Roy. Soc. 141, 282 (1934). 

We are indebted to Professor Slater for sending us a 
photostat copy of Hartree’s functions before their publica- 
tion 


sD. R. Hartree, Proc. Roy. Soc. A143, 506 (1934), 
1 Ladenburg, Zeits. f. Physik 4, 451 (1921). 


f 
Ae 
=1.875X10*W] (re/p)(dd/d*). (5) 
0 
Here \ is the wave-length in A, and W is the 
atomic weight. 

Using Eq. (5), various authors have calcu- 
lated Nx from measurements of x-ray absorp- 
tion. Houston’ did this for a large number of 
elements. Owing to the errors in the experiments 
on which he based his calculations, the resultant 
Nx values showed wide fluctuations. However 
the results which were based on the best absorp- 
tion data are in general agreement with the 
values obtained in the present work. More 
reliable determinations of (r/p) are now avail- 
able and the values of Nx obtained from these 
are shown in Table II and plotted in Fig. 2. 


4 
ATOMIC NUMBER 


Fic. 2. Graph of theoretical and experimental values of 
Nx against atomic = t 
experimental points, R—Richtmyer, J—Jénsson, 
W—Woernle, L—Larsson Prins. 


It was necessary to extrapolate to short wave- 
lengths the total absorption coefficient as meas- 
ured on the long wave-length side of the K 
limit and subtract from the actual absorption to 
obtain the effect (rx/p) produced by the K 
electrons alone. For the very light elements 
experiments are not available on account of the 
experimental difficulties at long wave-lengths. 

Since the above calculations were made Gross- 
kurth* has published measurements on the ab- 
sorption coefficient for 16 elements for wave- 
lengths between 0.128A and 2.5A. From these 
results he obtains the absorption law 


u/p =0.0166Z* 2-797 


7 R. A. Houston, Phil. Mag. 2, 512 (1926). : 
* Prins, Zeits. f. Physile 47, 479 (1928). 
” Larsson, Dissertation, U , 1929. 
* K. Grosskurth, Ann. d. Physik 20, 197 (1934). 
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for the short wave-length side of the K absorp- 
tion limit and 


= 0.0097 Z?-8%)2- 7877 


for the long wave-length side. Calculation of Nx 
values have been made using this law. The 
value obtained for atomic number 82 is 35 
percent higher than that obtained from Richt- 
myer’s result and for atomic numbers about 16 
the values are 20 percent lower than those ob- 
tained from Woernle’s and Larsson’s results. 
This law gives values which agree better with 
those calculated from theory for high atomic 
numbers than those obtained from Richtmyer’s 
results. However, for low atomic numbers they 
deviate from both theoretical Nx values and 
those calculated from previous absorption meas- 
urements. On account of this, and also the fact 
that most of Grosskurth’s measurements deviate 
so much from his absorption law, we have not 
included these values of Nx in the graph of 
Fig. 2. 

A second method of determining Nx experi- 
mentally is the anomalous dispersion of x-rays 
near the K-absorption edge. The theory is 
given by Prins,'* who obtains in this way Nx 
= 1.3 from experiments on Fe. Larsson’® gets 1.5 
for Ca and Si in the same way. These values are 
included in Fig. 2 


The theoretical points obtained in this paper 
diverge systematically from experiment for high 
atomic number, though not quite so strongly as 
those of Hénl. The discrepancy would be re- 
moved if the f value for transition from K level 
to L level were actually higher than calculated. 
Relativity effects are appreciable for high atomic 
numbers (a= 55/137 for Cs) but apparently do 
not explain the divergence, since for an un- 
screened nucleus of charge 55 the relativistic f 
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TaBLe II. Values of Nx obtained by integration of ab- 
sorption data. 


Sym- Ref- Results of absorption 


Method bol erence measurements El Z NK 
K side of of edge 
Absorption R » 375M +1 50M +1 Mo 42 1.12 
measurements R +1 70M +1 Ag 47 1.13 
R » 575s +1 90M +1 Sn 50 0.97 
R » 1870 +0.8 3308+0.8 W 74 0.85 
R » 2230 +0.85 395M +085 Au 79 0.80 
R » 2570\ +0.7 476M +0.7 Pb 82 O81 
w 2 43.5486 3.8627 A 18 1.61 
w 29.29X2-7 2.2825 Ss 16 1.48 
J 123.1 15.2527 Ni 28 1.36 
J 132.4 15.46\2-74 Cu 29 141 
Experiments P is Fe 26 1.3 
on dispersion L 19 Ca 20 1.5 
L 19 Si 14 1.5 


values are somewhat smaller than the classical 
ones, as is seen in Table III. The reasons for 


TABLE III. 
Transition Non-relativistic Relativistic 
0.277 0.258 
71/9 0.139 0.128 
sum =/fKL 0.416 0.386 


the failure of the theory for large atomic num- 
ber are not clear, but are probably connected 
with the considerable change in the distribution 
of the other electrons and in the potential arising 
from them that must take place when one K 
electron is removed, as well as with the fact that 
a central field is admittedly an approximation. 

Below atomic number 40 the theoretical curve 
agrees fairly well with experiment and allows of 
a determination of the N, values of low atomic 
number needed for the determination of absolute 
x-ray wave-lengths. This application was the in- 
centive for the present investigation. 

We are indebted to Professor G. Breit for 
several discussions. 

2° F. K. Richtmyer, Rev. 27, 1 (1926). 


2! B. Woernle, Ann. d ysik 5, 475 (1930). 
* Jénsson, Uppsala Universitets Avselerif (1928). 
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Absolute X-Ray Wave-Lengths by Refraction in Quartz 


J. A. BEARDEN AND C. H. SHaw, Rowland Physical Laboratory, Johns Hopkins University 
(Received August 14, 1934) 


The refractive index of quartz for Cu Ka, radiation was 
measured by means of the double crystal spectrometer. 
The quartz prism was placed between the two crystals of 
the spectrometer and the deviation measured. Measure- 
ments were made with the x-rays incident both internally 
and externally on the prism. Accuracy was such that the 
refractive index could be determined as 1—yw=65=(8.553 
+0.005) x 10-*. The absolute wave-length of the x-rays 


was calculated from the quantum theory of dispersion 
and was found to agree with wave-lengths as measured by 
ruled gratings. With the newer data on fundamental 
constants, positions of the critical absorption limits of Si 
and O and the resonating strengths of bound electrons 
the previous photographic results were recalculated and 
found to likewise substantiate the ruled grating value. 


EASUREMENTS on the refractive index 
of quartz for x-rays have been made by 
photographic means using the prism method.'-* 
However, there is an inherent difficulty with 
this method as used heretofore. It is necessary to 
measure to the edges of certain of the lines and 
there is, of course, an uncertainty in such a 
measurement. On the other hand, if the prism is 
placed between the crystals of a double crystal 
spectrometer* this difficulty is eliminated by the 
fact that directions are measured directly and not 
by linear displacements on a photographic plate. 
The determination of the refractive index for a 
given wave-length involves the measurement of 
two angles, the first being the angle between 
the direct beam and the refracted beam and the 
second one being the angle between the direct 
beam and the prism face. Calling these angles 
8 and a, respectively (Fig. 1) the expression for 
6=1—y becomes, for small angles* 6 = 8(a—8/2) 
in the case of externally incident radiation and 
6=8(a+8/2) for internally incident radiation. 
Thus to determine 8 by the use of a double 
crystal spectrometer it is only necessary to set 
the second crystal for the peak of the direct 
beam and then rotate the second crystal to the 
peak of the refracted beam. An auxiliary means, 
however, must be employed to measure the angle 
a, since the prism must be rotated beyond the 
critical angle for reflection in order to get a 
refracted beam. In the present case light from a 
slit S was reflected from the surface of the quartz 
prism and focused on the eyepiece of a calibrated 


'H. E. Stauss, Phys. Rev. 36, 1101 (1930). 


? A. Larsson, Dissertation, Uppsala (1929). 
+]. A. Bearden, Phys. Rev. 39, 1 (1932). 
«B. Davis and C. M. Slack, Phys. Rev. 27, 18 (1926). 


travelling microscope M. The angle a was then 
determined by rotating the prism until the angle 
of incidence for the x-rays was less than the 
a sr and taking two positions of the re- 
flect 

The ‘absorption in quartz is such that for 
the Cu Ka lines the effective depth of prism 
used is not more than 0.001 mm. Thus for any 
particular position of the second crystal only 
the radiation in a very narrow beam is measured 
in the refracted line. In Fig. 2 it is seen that the 
angle of incidence for the a, line is less than 
that for the az line. Thus even though the re- 
fractive index of az is greater than that of a; 
the a, line will appear between the a, line and 
the direct beam. Fig. 3 shows the case for in- 
ternal incidence and it may be seen that the ay 
line will fall outside of the a. Since these two 
refracted beams lie too close together to be com- 
pletely resolved it is necessary to make a 
correction for the presence of the a, line. The 
refracted beam will be wider for each a line than 
the parent beam due to the difference in the 
angles of incidence on the prism of the two sides 
of the line. The character of the beams reflected 
from the prism is likewise changed. In the 
direct beam there is one position of the second 
crystal for which both a, and ag lines are 
reflected. But since the longest wave-length is 
reflected from the prism at the greatest angle 
the relative positions of a, and a, are reversed. 
Thus while a; is reflected at one position of the 
second crystal, a: is reflected at another and 
larger angle. This essentially puts the reflected 
beams in the (1, +1) position so far as shape and 
width are concerned. ° 
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Fic. 1. Diagram showing the ition of the quartz 
prism and the half slit H,. The reflected beam is used in 


the determination of the glancing angle a. 


Fic, 2. Case for external incidence. Because of different 
angles of incidence the angles y for @ are not equal. (@>¥y.) 
Thus the a; refracted beam appears between the m™ 
refracted beam and the direct beam. 


2 
efr 


Fic. 3. Case for internal incidence. Here @<y and the a 
position lies beyond the a position. 


Thus the effective widths of the various lines 
may be summarized as follows: The direct beam 
has the (1—1) width; the reflected beam has 
the (1+1) width and the refracted beam has a 
width intermediate between (1—1) and (1+1). 
If the second crystal is rotated to the normal 
(1, +1) position the conditions are changed. 
Then the reflected beams are in the (1, —1) and 
the direct in the (1, +1). It is true that in this 
position the a; and a lines are not confused but 
on the other hand the intensity in the refracted 
beam drops to about one-third of that in corre- 
sponding positions in the (1, —1). 

Since the intensity of the refracted beam 
becomes too low to measure accurately for 
refracted angles greater than four minutes it is 
necessary to provide some means of blocking out 
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the direct beam, which still has an appreciable 
intensity at these angles. This was easily accom- 
plished by a half slit H, as shown in Fig. 1. 
The half slit was mounted on a slide so it could 


be removed from the path of the beam for the 


determination of the direct and reflected beams. 

At first an attempt was made to eliminate the 
a2 line from the refracted beam by using a 
half slit Hz in the position shown in Fig. 2. 
However, the separation of the a; and az, beams 
at this point was only 0.1 mm, so it was not 
certain when only the ag line was eliminated. 
This method was abandoned when erratic results 
were obtained in favor of a direct correction for 
the presence of the ag line. 


APPARATUS AND ALIGNMENT 


The primary voltage was regulated by the 
control described heretofore. The high voltage 
was rectified by four oil immersed kenotrons and 
filtered by a 0.5 mfd. condenser. The fine focus 
copper tube was operated on a balanced circuit. 
The electron beam was drawn out into a line 
focus by means of two Helmholz coils fed with 
60 cycle a.c. in order to allow sufficient current 
and hence x-ray intensity for the measurements. 
The calcite crystals used showed theoretical 
resolving power since the rocking curve width 
for Cu Ka; was 9.8’. The ionization currents 
were measured by an FP-54 pliotron in a circuit 
described by DuBridge and Brown.* The ioniza- 
tion chamber was made of iron and was so free 
of contamination that the effects of the latter 
could be eliminated from measurements. The 
tube was operated at a sensitivity of 230,000 
div./volt with a leakage resistance of 10" ohms. 
The ionization current at the peak of the re- 
fracted line was about 2 x 10-“‘ ampere and could 
be measured to about 1 percent. 

A Societe Genevoise double crystal spec- 
trometer was used. The graduated circle on 
which the second crystal was mounted was 
read by four carefully calibrated microscopes. 
The accuracy of setting on the peak of a line 
and of reading the circle was such that on re- 
peated measurements the position of the peak 


could be reproduced to within 0.2” of arc. 


* Bearden and Shaw, Rev. Sci. Inst. 5, 292 (1934). 
oat A. DuBridge and H. Brown, Rev. Sci. Inst. 4, 532 
(1933). 
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In the present case it is not necessary to align 
the prism as accurately as in the photographic 
experiments because no fine slits are involved. 
The prism face was within 0.25 mm of its axis 
of rotation; the axis and the prism face were 
made parallel to within three minutes of arc of 
the second crystal axis and the prism edge was 
within 5 minutes of being parallel to the axis 
of the prism. 

The width of the direct beam was 9.8”. The 
width in the (1+1) position was 40.0” and the 
width of the reflected beam was about 42”. 
Thus it is seen that the prism face was quite flat. 
The refracted beam was about 2” wider than 
one would expect from the different angles of 
incidence of the two sides of the line and probably 
represents the inhomogeneity of the prism edge. 
The prism edge was prepared by the method 
previously described.? When the edge was ex- 
amined with a microscope of magnification 300 it 
appeared quite sharp. 

The only significant correction is that due to 
the displacement of the peak of the refracted 
line produced by the a line. This correction was 
made in the following manner. Knowing the 
approximate indices for the a; and ay lines one 
can then calculate their separation for any 
particular value of angle a. It is also known 
that their intensities are in the ratio of 2: 1. 
Knowing the shape of the sum of the two from 
the observed line shape it is only necessary to 
assume various line widths and by means of the 
Hoyt equation’ plot curves until the observed 
shape is obtained. Then the displacement of 
the peak of the curve representing the sum from 
the peak of the a; component gives the correction 
to be applied to the angle 8. 

Fig. 4 shows a sample of the refracted beams 
obtained. In this case angle a was about 25 
minutes. The ionization current at the peak was 
about 10-“ ampere. The two Hoyt curves 
assumed are also shown and the resulting cor- 
rection to 8. 

Twenty-one determinations of 6 were made in 
all—fourteen with the x-rays incident externally 
and seven internally. The results are listed in 
Table I with their various weights. 

The first four determinations in the externally 
incident method were given small weights be- 


7A. Hoyt, Phys. Rev. 40, 477 (1932). 
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Fic. 4. Sample of refracted beam (external incidence). 
In this case 8=4' 20”. The two Hoyt curves are 
and the resulting correction to 8. 


Taste I. 


Method a 8 Weight 


Internal 36’ 38.5” 2’ 39.7" 8.552 
incidence. 36’ 44.8" 2’ 39.0” 8.536 
23’ 26.0” 3’ 58.5” 8.551 
36’ 46.0” 2’ 39.0” 8.541 
32’ 39.7" 3’ 15.8” 8.568 5 
30’ 18.6” 32.4" 8.566 5 
25’ 46.9" 4’ 15.7” 8.528 5 
26’ 8.6" 4’ 12.7” 8.548 5 
31’ 49.7” 3’ 21.3” 8.557 
31’ 46.8” 3 21.5” 8.551 
External 31’ 49.0” 3 21.3” 8.556 
incidence. 37’ 14.4” 2’ 47.6" 8.550 


38’ 41.0” 2’ 42.2” 8.540 
38’ 40.3” 2’ 42.2” 8.537 
24’ 59.0” 4’ 26.0” 8.543 
24’ 50.0” 4’ 27.7" 8.534 
31’ 18.2” 3’ 25.4” 8.584 
31’ 1.5” 3 27.1” 8.557 


CHEER RNWHWOSSS | 


cause of the fact that temperature variations of 
the first crystal holder due to the heat from the 
x-ray tube and the Helmholz coils were producing 
erratic results. Water cooling of the x-ray tube 
box eliminated this difficulty. The remaining 
results were weighted according to the angle 8— 
large angles of 8 having the greatest weight. 
In the last result the second crystal was turned 
to the (1+1) position and 8 measured there as 
well as in the (1—1). Thus this value was giver 
considerable weight. 

The average deviation from the mean is about 
0.01010-* and the probable error: is 0.003 


orrection=0.2" 
{ 
\ 
\ 
| \ 
‘ 
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10 | \ | \ 
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X10-*. Since the calibration of the microscopes 
is the only appreciable source of consistent error 
it is reasonably certain that the error is not 
more than +0.005 x 10~-°. 

The results of this experiment then indicate 
that the refractive index for \=Cu Ka, is 
given by 

1—y=6=(8.553+0.005) x 


The absolute wave-length of the x-rays used 
may be calculated from the quantum theory of 
dispersion. In the derivation of the formula it is 
necessary to assume a law for the variation of 
absorption coefficient with wave-length. For all 
practical purposes a law of the form of \" is 
sufficiently accurate. However, it is very difficult 
to derive the formula unless m is an integer or 
half integer. Grosskurth*® has shown that m = 2.75 
(approximately). Therefore in the following cal- 
culations the wave-length was calculated on the 
assumptions of a \* and \** law and the \**"5 law 
value interpolated. The formulae are: 


a ute W 


m 1 


1 


on the assumption of a \° law and 


d (absolute) = 


m 


2 


on the assumption of a \** law,® where 6=1—y; 
p=density, W=molecular weight; F = Faraday 
constant; N,=effective number of electrons in 
shell s; and x=o/A, where \)=critical absorp- 
tion limit for shell s. 

The binding corrections were made for elec- 
trons in the K shells of silicon and oxygen and 
the L shell of silicon. The remaining electrons 
were assumed free. 


* K. Grosskurth, Ann. d. 197 
(1930). e.g., E. J. Williams, 


Roy. Soc. A143, 358 


The data used for the Ka; line of copper 
were: 
F=9648.9 e.m.u./mol, 
6 =8.553 10-4, 
p= 2.6484 g/cc at 28°C’, 
W = 60.06 
e/m=1.7574 X10? e.m.u./g, 
4=1.538 for use in corrective 
terms, 
Si K absorption’ = 6.731A, 
Si L absorption’® = 127A, 
O K absorption" = 23.0A, 
Nx for Si" = 1.6, 
for Si* =5.4, 
Nx for O" =1.78. 
Williams gives N, for Cu, Ag arid Pb as being 
about 5.0. In the present case it was assumed 
that the value for Si would be very little different. 
Adding the fraction of an electron left over from 
the K shell then gives Si N,=5.4. However, 
the use of either N,;=5 or 8 makes a difference 
of only one part in 15,000 in \. Since the O L 
limits are at an even greater wave-length than 
those for Si ho correction for their binding is 
necessary. 
Substitutions in the formulae then give: 
law: A\=1.5393A, 
law: A=1.5407A, 


and on interpolation for the \*"* law there 


results 
A=1.5400A 


for the Cu Ka; line. 

This wave-length value may be compared 
with those yielded by use of crystals and grat- 
ings. Measurements of grating wave-lengths by 
Bearden” have indicated that the value obtained 
is about 0.25 percent higher than the crystal 
result, while Siegbahn™ gets 0.17 percent. The 
value chosen in the present work is 0.23 percent. 
Thus for the copper Ka; line 

crystal grating refraction 
1.53674 1.5403A 1.5400A 


Not a single value of the refractive index was 


obtained low enough to give the crystal wave- 


Spect. der Réntgenstrahlung, 2nd Ed., pp. 
A. Wheeler and J. A. Bearden, 1 yn 
. A. Bearden, Phys Rev. 37, 1210 (1931 
. Siegbahn, Zeits. {. Physik 87, 291 (1933-34). 
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length. In view of the accuracy obtained there 
appears to be little doubt that the wave-length 
as indicated by refraction agrees with the grating 
value. 

It was thought worth while to recalculate the 
wave-length from photographic results of Bearden 
and Stauss' using the newer data now available 
on the fundamental constants, the wave-lengths 
of the critical absorption edges of Si L and O K 
and the effective number of electrons in the K 
and L shells. Larsson’s values appear to be too 
high, so no attempt was made to include them. 
Table II gives the various wave-lengths com- 
puted for a »*-"* absorption law. 

Consistent errors in the photographic experi- 
ments may easily explain the failure of exact 
agreement with the grating results. On adding 


Taste Il 
Crystal Grating Refraction 
Cu 1.5380 1.5416 1.5404 
Cu Kg 1.3888 1.3921 1.3916 
Mo Kaay 0.7089 0.7105 0.7098 
Mo Kg .6307 6322 6324 
Mo Ka .7075 7091 7096 
Mo Kg 6307 6322 6333 


the percent deviation from the grating value one 
finds the values to agree to within 0.03 percent. 
Thus contrary to previous conclusions it now 
appears that the previous as well as the present 
experimental results substantiate the grating 
values of x-ray wave-lengths instead of the 


crystal wave-lengths. 
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The Vapor Pressure of Calcium between 500 and 625°C 


Erik RupBerG, Massachusetts Institute of Technology 
(Received September 17, 1934) 


The vapor pressure of solid calcium has been measured 
between 500 and 625°C, by the method of molecular 
effusion. The amount evaporated was determined by 
microtitration to better than 10~* g. The results are well 
represented by the empirical equation: log p (in mm) = 8.15 
—9670/T. The present values for the pressure are about 
ten times smaller than those previously reported by 


INTRODUCTION 


N experiments on thin metal films the material 

is often deposited by evaporation in vacuum 
from a hot source of controlled temperature. 
The amount deposited in a given time can then 
be calculated from the geometry of the appa- 
ratus, if the vapor pressure of the metal is 
known for the temperature in question. Except 
for the alkali metals, mercury and a few others, 
vapor pressure data in the range usually involved 
in evaporation work are very meager. The 
following is a report on some new pressure 
determinations for calcium, which were under- 
taken in connection with electron scattering 
experiments with thin calcium films. 


Pilling for the same temperatures. Since the specific heat 
of solid calcium is known as a function of 7, the “vapor 
pressure constant,” or ‘‘chemical constant,”’ can be com- 
puted. The new pressure data lead to the correct value for 
this constant, but the old ones do not. For the heat of 
evaporation at 7=0 the value 4.5310 cal./mole is 
obtained. 


METHOD 


Consider an enclosure of absolute temperature 
T, containing ideal gas particles of mass m at a 
pressure p. From kinetic theory it is known, 
that the number of particles escaping in unit 
time through a small opening 4s in the wall into 
a solid angle element 60 in a direction making 
an angle @ with the normal to 4s, is given by: 


dn/dt = 60/2) cos @, 


where & is Boltzmann's constant. Introducing 
instead the gas constant pro mole R, the molec- 
ular weight M and the number of moles N, one 
obtains: 

p=(dN/dt)(2xMRT)'x/éséo cos¥. (1) 


| 
| 
| 
i 
ig i] 
d 
t. 
m | | 
T, 
in 
is 
t- 
od 
al 
he 
it. 


764 ERIK RUDBERG 


The condition that 5s should be small means 
essentially, that the linear dimensions of the 
opening should be small compared to the mean 
free path in the gas, so that the process is one 
of molecular effusion. This was the case in the 
present experiments, in which dN/dt was meas- 
ured as a function of JT and » computed from 
(1), és, @ and é0 being known constants of the 
apparatus. 


APPARATUS 


The essential parts of the apparatus are 
shown in Fig. 1. The calcium gun G, shown in 


OP 

detail to the right, is a small piece of molybdenum 
rod, 6 mm in diameter, with a 3 mm hole for a 
tungsten heating spiral. The calcium is contained 
in a cylindrical pit, 9.5 mm deep and 2.15 mm 
in diameter. A copper/constantan thermocouple 
of fine wire (B. & S. 40 and 38) is introduced 
through a third small hole near the bottom of the 
pit and held in position by a small nickel rivet. 
Opposite G is a long glass plate with a hole in it, 
acting as a diaphragm, D. A glass slider S, 
guided by two glass rods R and operated by a 
magnet from outside, can be moved over the 
diaphragm, so that a number of small micro- 
scope cover-glass plates C can be placed, one at 
a time, about 5 mm above the hole in D and 
exposed to the shower of calcium atoms from G. 


The tube is connected to a fast mercury diffusion 
pump over a liquid air trap. 


Fic. 1. Diagram of apparatus. 


EXPERIMENTAL PROCEDURE 


The apparatus was baked at 400°C after 
assembly; the pressure of residual gas in the 
tube during the experiments was of the order of 
1X10~-7 mm or less. The experiments consisted 


in exposing each one of a series of cover-glass 
plates to the calcium beam for a measured time, 
during which the temperature of the gun was 
kept sensibly constant. The tube was then cut 
open and the amount deposited on each plate 
determined. Calcium turnings from Merck were 
used. The gun was first heated for a considerable 
time at various temperatures up to above 700°C, 
so that in all about 50 percent of the metal had 
distilled off before any measurements were 
taken. This should have removed any possible 
impurities of higher volatility, such as alkali 
metals. As a matter of fact, electron scattering 
experiments with films from different fractions 
obtained in the course of this distillation showed 
that they were all essentially calcium deposits. 

The temperature of the gun could be kept 
constant to about 0.3°C without much difficulty. 
A second thermocouple, made from the same 
wire as the one in the tube, was calibrated with 
the freezing points of Al, Zn, Pb and Sn as 
standards. This thermocouple was protected by 
a sealed quartz tube containing H, at a pressure 
of about 5 mm; the tube had been drawn into a 
thin-walled capillary at the hot junction end. 
The calibration equation so obtained was then 
used to derive the temperature of the calcium 
gun from the measured e.m.f. 

The calcium deposits on the plates appeared 
with very sharp edges, and there was no deposit 
on the upper side of D (due to reflected atoms). 
The color was a deep blue in transparent light, 
and almost like that of silver in reflected light. 
Most of the deposits, 10-°—10-° g/cm’, were 
rather transparent; in the air of the room they 
deteriorated in a few minutes and became almost 
invisible. The deposit on a plate exposed to air 
is presumably a mixture of Ca, CaO, Ca(OH), 
and CaCO;, depending on the length of exposure, 
the final state being CaCO;. In view of this, 
it would have been difficult to determine the 
amount deposited on a plate by weighing. 
Instead, the following method was adopted. The 
plate was placed in 2 cc of 0.004-n HCl, which 
was then heated to boiling. In this way Ca-metal, 
CaO, Ca(OH): and CaCO; were all dissolved, 
neutralizing an amount of acid equivalent to the 
amount of Ca. This was determined after cooling 
by titrating the excess acid in the solution with 
0.008-n KOH. All glassware used, including the 
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cover glass plates, had been aged by boiling in 
HCl, in order to reduce the error due to alkali 
dissolved from the glass. As a further precaution, 
blank tests were made with plates introduced in 
the tube together with the others and treated 
exactly in the same way as these, except that 
they were never exposed to the beam. No 
effect was found. 


RESULTS 


The results are contained in Tables I and II. 
The actual normality factor of the KOH was 
0.00830. The hole in D, of radius 0.50 cm, had 
its center at a distance of 4.04 cm from the 
opening of the gun, on the normal to the end 
surface of the gun. The plane of the hole was 
inclined 34° to this normal. Hence §0= 1.31, 
X10-*x, cos @=1 and é6s=3.63X10-* cm’, so 
that p (in mm)=2.28x10'74dN/dt. Double 
weight was assigned to No. 1 in taking the mean 
value for 501°C in Table II. Fig. 2 shows a 
plot of log p vs. 1/T. The points fall fairly close 
to the straight line log p= 8.15 —9670/T. 


DISCUSSION 


The only other pressure data for calcium in 
this temperature range are those published by 
Pilling. He determined the loss of weight per 


TABLE I. Calculation of the rate of deposition of calcium. 


Mole 

Ca/sec. 

No. Seconds cc KOH Mole KOH/sec. =dN/dt 
7 624.2 1500 0.113 6.27 X10-" 3.13 x10-" 
6 603.1 1200 0.058 4.02 x 10~-% 2.01 x10-" 
579.0 3600 0.090 2.08 1.04 
5 §50.3 5400 0.042 6.45 3.23 
8 $36.5 14,520 0.097 5.55 2.77 X10-™ 
1 500.8 43,200 0.074 1.42 
3 500.8 21,600 0.042 1.61 x10-" 8.07 X 


TaBLe II. Calculation of the vapor pressure of calcium as a 
function of temperature. 


1/T 

No. T (mm) log x10 
7 624 897 2.14107 0.330—3 1.115 
6 603 876 1.311073 0.117—3 1.141 
9 579 852 6.91 X 0.840—4 1.173 

5 550 823 2.11 0.325—4 1.215 

8 536 810 1.80 0.255—4 1.235 

1 501 774 4.53 0.656—5§ 1.292 

3 501 774 5.13 0.710—5 1.292 
Mean 501 774 4.72 X1075 0.674-—5 1.292 


‘ Pilling, Phys. Rev. 18, 362 (1921). 


Fic. 2. Variation of vapor pressure of calcium with the 
temperature. 


lle 


unit time and unit surface, W, of a piece of the 
metal placed in an evacuated Pyrex tube of the 
desired temperature. Experiments with Zn and 
Cd, for which the vapor pressures were known 
from other work, showed that the expression: 
(W/p)(T/M)* was a constant, which had the 
same value for both metals. Assuming the same 
relation to hold for calcium, he was able to 
calculate » from the measured value of W for 
this metal. The data so obtained are included in 
Fig. 2, together with the line: log p=9.73 
— 10, 170/7, which represents the vapor pressure 
of calcium in this region according to Pilling. 
It will be seen, that the values for » obtained in 
the present work are smaller than those of 
Pilling by a factor of about 10. 

In calibrating the thermocouple in the present 
work two freezing curves were taken for each 
standard point; the two curves repeated within 
about 0.1°C. It is believed that the temperatures 
in Table II are correct to 1°C. The error in the 
volumetric determination of the calcium deposits 
may be estimated from the difference between 
the two values obtained for 501°C. The resulting 
inaccuracy in p is probably about 10 percent. 
In calculating the vapor pressure from the 
amount of calcium on the plate it is assumed, 
that the number of calcium atoms deposited is 
equal to the number striking the plate. If there 
were an appreciable reflection coefficient R, the 
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values for p in Table II would be too low by a 
factor (1—R). Several tests have been made, 


- however, which indicate that the reflection 


coefficient is inappreciable in this apparatus. 
In connection with the electron scattering exper- 
iments a target was placed in the calcium beam 
with the back to the gun, so that the front face 
was exposed only to atoms reflected from the 
walls of the evaporation chamber. No trace of a 
calcium film could be found on this face after 
exposures 20 times longer than those that would 
produce a detectable film, when the front side 
was facing the gun. In the present experiments 
the fact that the deposits exhibit a sharp edge 
also indicates that reflection is small. The best 
evidence for this is however the total absence 
of a deposit around the hole on the upper face 
of the diaphragm D. Assuming that the angular 
distribution of reflected atoms follows Lambert's 
law, the density of the deposit at a point in the 
upper face of D is given by 


c= (Roo/x) f (2) 


where / is the height of C above D and r the 
distance of the point in question from the 
element ds; the integral is to be extended over 
the entire area of the deposit on C of density op. 
Higher reflections than the second have been 
neglected. The integral in (2) has been evaluated 
graphically for the case of a point, located on the 
normal to C and D through a point on the edge 
of the almost circular deposit on C. For this 
case ¢=0.3Roo. The density at this point of D 
after the entire set of plates has been exposed 
should therefore be at least 10X0.3Re, while a 
density of (1/4)e) would have been detected, if 
present. Equating the two, one obtains as an 
upper limit for the reflection coefficient R= 1/12. 
This should probably be regarded as a rather 
conservative estimate. 

There were some difficulties in measuring the 
relative position of the diaphragm and the gun 
accurately in this apparatus. It is possible that 
the value used for do is off by 10 to 15 percent 
for this reason. This would give a systematic 
error in the values for p of the same magnitude. 
Assuming such an error in do and a reflection 
coefficient 1/12, the pressure values in Table II 
could possibly be 20-25 percent too low. 


The weak point in Pilling’s work is the 
assumption that (W/p)(7T/M)* has the same 
value for Ca, as for Zn and Cd. This quantity 
depends in a complicated way on the reflection 
coefficients of glass and metal at the test temper- 
ature 7. As a result, the rate of evaporation per 
unit surface of the metal under these circum- 
stances is only a few tenths of 1 percent of the 
molecular effusion rate for the same temperature 
and pressure according to Pilling. 


COMPARISON WITH THEORY 


It is interesting to try to fit the experimental 
data to the well-known vapor pressure equation 
of thermodynamics. For monatomic vapors this 
equation may be written in the form 


In p= —Ao/RT+(5/2) In T—(1/R)f(T) +i (3) 
or 
log p (in mm) = —0.4343A9/RT+ (5/2) log T 

— (0.4343/R)f(T) +0.4343i —3.1249 (4) 


with 


Here A» is the heat of evaporation at T=0, C, 
the specific heat of the solid at constant pressure 
and A, the heat of transition at the transition 
point 7,; the summation is to be extended over 
all transitions for which 7,<7. Ao, C, and A, 
are all referred to one mole of the substance; 
i is the ‘“‘vapor pressure constant”’ or ‘‘chemical 
constant.’’ From statistical mechanics, the value 
of this constant in the case of Ca should be 


given by: 


T 


CdT"+ s(—--). (5 


i=In [(2em)* (6) 


Extensive measurements of C, for calcium in 
the range 10-200°K have been published by 
Clusius and Vaughen } they find that the specific 
heat can be represented by C,=4.4110-°7* 
for 7<19. Eastman, Williams and Young* have 


*Clusius and Vaughen, J. Am. Chem. Soc. 52, 4686 


(1930). 
* Eastman, Williams and Young, J. Am. Chem. Soc. 46, 


1178 (1924). 
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measured C, for 293—878°K. They find a transi- 
tion point Cae=Cay at 7;=673 with a heat of 
transition A,;= 100+25 cal./mole. The existence 
of this transition point was confirmed by Ebert, 
Hartmann and Peisker‘, who showed by x-ray 
analysis that Cae had a face-centered cubic, and 
Cag an hexagonal structure.’ From these data 
the function f(7) has been computed by numeri- 
cal integration. The values of 0.4343f(7T)/R are 
given in Table III. 


TABLE III. Calculation of the term 0.4343{(T)/R appearing 
an Eq. (4). 


log 
+0.4343/(T) 
0.4343f(T) R 
No. T (S/2)logT loge R —(S/2) log T T 
7 897 7.382 0.330-3 2.491 0.439-8 1.115 
6 876 7.356 0.117-3 2.458 0.219-8 1.141 
9 852 7.326 0.840-4 2.419 0.933-9 1.173 
5 823° 7.289 0.325-4 2.372 0.408-9 1.215 
8 810 7.278 0.255-4 2.350 0.327-9 1.235 
1 774 7.222 0.656-5 2.287 0.721-10 1.292 
3 774 7.222 0.710-5 2.287 0.775-10 1.292 
mean 774 7.222 0.674-5 2.287 0.739-10 1.292 
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Fic. 3. Plot of log p+0.4343f(T)/R—S log T/2 against 1/T. 


TaBLe IV. Heat of evaporation and vapor pressure constant 
of calcium. 


If log p+0.4343f(T)/R—(5/2) log T is plotted 
as a function of 1/7, a straight line should 
result. Fig. 3 shows such a plot. Computation 
gives for the best straight line to represent the 
data of Table III the equation: 


log p+0.4343f(T)/R—(5/2) log T 
= —9950/T+3.56¢. (7) 


If Pilling’s data are treated in the same way, 
the following equation is obtained: 


log p+0.4343f(T)/R—(5/2) log T 


= —10580/T7+5.26;. (8) 


This line and the points calculated from Pilling's 
data are also shown in Fig. 3. 

From the constants of these equations the 
heat of evaporation and the vapor pressure 
constant can be calculated. The values so 
obtained are given in Table IV together with 
the theoretical value of i according to (6). 

The close agreement with the theoretical value 
of i may be regarded as a check on the correctness 


*Ebert, Hartmann and Peisker, Zeits. f. anorg. u. allg. 
Chem. 213, 126 (1933). 

* These authors give 7,=723 as the transition point; 
Cf., Rinck, C. R. 192, 421 (1931). 


Pilling * Present work Theory 
Heat of evapo- 
ration, Ae 4.84 cal./mole 4.5310 cal./mole 
Vapor pressure 
constant, # 19.3 15.4 15.71 


of the vapor pressure data obtained in the 
present work. It should be mentioned, however, 
that the boiling point measurements for liquid 
calcium by Hartmann and Schneider* at pres- 
sures from 10 to 200 mm appear to be about 
equally difficult to reconcile with Pilling’s results 
and with my own. It is not possible at present 
to calculate the vapor pressure constant from 
these data, since the heat of fusion and the 
specific heat of liquid calcium are unknown. 


CONCLUSION 


By using calcium guns of suitable aperture, 
it would be possible to extend the vapor pressure 
curve obtained with the present method towards 
higher pressures, as well as towards lower ones. 
It is intended to do this, presently. It is also 
planned to measure the vapor pressures of 
strontium and barium by the same method. 


*Hartmann and Schneider, Zeits. f. anorg. u. allg. 
Chem. 180, 275 (1929). 
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Energy Distribution of Photoelectrons as a Function of the Thickness of a Potassium 
Film 


James J. Brapy, St. Louis University, St. Louis, Missouri 
(Received September 4, 1934) 


Current-voltage curves were taken for photoelectrons 
ejected from thin potassium films of various thicknesses. 
The films were formed on a silvered glass surface at room 
temperature by means of a molecular beam. The con- 
densing surface was a smal! sphere placed at the center of a 
large collecting sphere. The thickness of the potassium film 
was computed from the geometry of the photocell, the 
temperature and time of heating of the potassium reservoir, 
and data on the vapor pressure of potassium. The small 
inner sphere was connected to an electrometer which 
measured the photocurrent. The contact potential between 
the film and the silvered surface of the large sphere was 
determined from the values of the thresholds of the two 


surfaces. The form of the curves near the maximum re- 
tarding potential was approximately the same for each 
film thickness. The curves were analyzed by DuBridge’s 
method and were in good agreement with the theory. 
For films less than 3 molecular layers corrections had to 
be made for a constant decrease in photocurrent after the 
formation of the film. However, for films of greater thick- 
ness the photocurrent was quite constant. The photo- 
current for films less than 3 molecular layers failed to 
saturate for accelerating potentials up to 20 volts. As the 
film thickness increased the photocurrent began to saturate 
at lower voltages. 


INTRODUCTION 


STUDY of the spectral distribution of 
photoelectrons as a function of the thick- 
ness of an alkali metal film was published in a 
previous paper in the Physical Review.' With 
the propounding of DuBridge’s theory? it became 
apparent that the study of the energy distribu- 
tion of photoelectrons as a function of the 
thickness of an alkali metal film would be of 
considerable interest. Lukirsky and Prilezaev*® 
had previously studied the energy distribution 
of photoelectrons from silver films of various 
thicknesses and had found that the position of 
the maximum of the energy curves depended on 
the thickness of the film. Herold* had found 
similar results in the case of platinum films. 
Several experimenters’: have published 
current-voltage curves for photoelectrons emitted 
from alkali metal films, but they did not investi- 
gate the curves from the standpoint of varying 
film thickness. 
The present study was undertaken with the 
ars atl of studying the energy distribution of 


ed Br Brady, Phys. Rev. 41, 613 (1932). 
A. DuBridge, Phys. Rev. 43, 727 (1933). 
a and S. Prilezaev, Zeits. f. Physik 49, 236 
*F. Herold, Ann. d. Physik 85, 587 (1928). 
*H. Ives, J. 60, 209 (1924). 
*R. A. Millikan, ys. Rev. 7, 362 (1916). 
7A. R. Olpin, Phys. Rev. 36, 251 (1930). 
* Ives, Olpin and Johnsrud, Phys. Rev. 32, 57 (1928). 


the photoelectrons as a function of the thickness 
of a potassium film. To obtain an energy distri- 
bution curve the observed current-voltage curve 
must be differentiated. This is likely to introduce 
a considerable error. By DuBridge’s method a 
direct comparison with experiment can be made 
from the. current-voltage curves and thereby 
uncertainties involved in differentiating an exper- 
imental curve can be eliminated. 

One of the apparent difficulties in this study 
is the fact that the photocurrent from thin 
alkali metal films does not saturate readily. 
However, this does not alter the results near the 
“maximum” energy part of the curve where 
DuBridge’s theory may be applied. 


APPARATUS AND EXPERIMENTAL PROCEDURE 


A sketch of the experimental tube and ar- 
rangement is shown in Fig. 1. The surface from 
which the photoelectrons were ejected was 
formed on a silvered glass sphere, a little less 
than 2 cm in diameter. This was mounted in 
the center of a large silvered glass sphere 15 cm 
in diameter. Electrical contact was made to the 
inner sphere by several fine tungsten wires 
connected to the electrode leading to the 
electrorneter. These wires made a brush contact 
with the silvered surface of the inner sphere. 

The lower part of the tube was devoted to the 
production of a molecular beam of potassium 
and was like that described in a previous paper.' 
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Fic. 1. Photocell and experimental arrangement. K, 
potassium; S, filaments for evaporating silver; C, charcoal 
trap; J, ionization gauge; W, window; A, mercury arc; 
D, diaphram; F, light filter; L, lens; M, plane mirror. 


The entire tube with ionization gauge and 
charcoal trap was given an extended outgassing 
treatment until the pressure within the tube 
(after it was sealed off from the pump) was in 
the order of 5 10-? mm of Hg. By using liquid 
air on the charcoal trap this pressure was 
reduced to less than 10-* mm of Hg. 

While the tube was still connected to the 
pump the potassium was driven back and forth 
through a series of constrictions for about eight 
hours, and the ionization gauge was kept under 
observation to determine whether any further 
gas was released from the potassium. Even after 
this extensive treatment a slight increase in 
pressure was observed when the potassium was 
heated by a torch flame. However, this out- 
gassing of the potassium could only be observed 
after a very vigorous heating. No rise in pressure 
could be detected when the potassium was 
heated later in the course of the experiment. 

Silver was evaporated on the inside of the 
photocell by means of |umps of silver placed in 
the center of a heated tungsten spiral. Six of 
these filaments were placed in the tube in order 
that a number of sets of data could be taken 
from the same tube. Fresh silver was evaporated 
over the inside of the tube at the beginning of 
each set of data. The filaments were carefully 
arranged so that no silver was deposited on the 
window. 

A mercury arc was used as a light source. 
Suitable filters were used to isolate the desired 


frequencies. A spot of light about 1 mm in 
diameter was focussed on the surface under 
investigation. 

The photocurrent was measured with a 
Compton electrometer having a sensitivity in the 
order of 6000 mm per volt at 1 meter scale 
distance. The retarding potential was applied by 
means of a simple potentiometer arrangement. 
The potentials were measured with a calibrated 
voltmeter. 

The earth’s magnetic field was compensated 
with a Helmholtz coil. 

When studying films less than 3 molecular 
layers in thickness at room temperature it was 
found that the photocurrent decreased after the 
film was deposited. In these cases curves were 
plotted showing the way the current decreased 
as a function of the time after deposition. Then 
compensation could be made for this decreasing 
photocurrent in plotting the current-voltage 
curves. The rate of decrease was found to be less 
as the film thickness approached 3 molecular 
layers. For greater thicknesses the photocurrent 
remained very nearly constant. 

The pinhole opening at the top of the potas- 
sium reservoir was 0.6 mm in diameter and was 
27 cm from the condensing surface. Most of the 
films were formed with the potassium at 170°C 
which gives a computed rate of film formation 
of 1.6 molecular layers per hour. The vapor 
pressure of potassium was obtained from the 
work of Edmundson and Egerton.* Further 
details in regard to the formation of the film 
may be found in an earlier paper by the author.' 
As before, in defining a molecular layer it is 
assumed that the atomic spacing in the film is 
the same as in a solid mass of the metal. 


RESULTS 


The current-voltage curves shown in Fig. 2 
were observed for film thicknesses of 0.8 molecu- 
lar layer and 2 molecular layers. The contact 
potential was determined from data on the 
thresholds of outgassed silver and potassium 
coated surfaces. The contact potential is deter- 
mined by the difference in the work function of 


* W. Edmundson and A. Egerton, Proc. Roy. Soc. A113, 
520 (1927). 
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Fic. 2. Current-voltage curves for two film thicknesses 
using 3650A. The applied potential was an accelerating 
potential and is recorded at the top of the graph. The 
contact potentials were 2.6 and 2.35 volts for the 2 mo- 
lecular and the 0.8 molecular layer film, respectively. 


the two surfaces and the threshold is related to 
the work function by the relation, V=hce/Xo 
where Planck's constant, c=the velocity of 
light, e= the electronic charge, \)= the threshold, 
and v= the work function. 


The threshold for outgassed silver'® is very 


nearly 2600A. This corresponds to a work 
function of 4.75 electron-volts. The threshold 
for a 0.8 molecular film of potassium on silver 
was determined previously! and found to be 
about 5100A. This corresponds to a work 
function of 2.4 electron-volts. The contact po- 
tential between the two surfaces, then, is 2.35 
volts. The 3650A group of Hg lines was the 
exciting radiation in this case. The energy in a 
quantum having this wave-length is 3.38 elec- 
tron-volts. The difference between this amount 
of energy and the work function of the film 
gives the maximum energy an electron could 
possess after escaping from the surface. This is 
(3.38 — 2.4) 0.98 electron-volts. The extrapolated 
value of the maximum retarding potential as 
shown in the figure indicates a close agreement 
to this value. 


” R, P. Winch, Phys. Rev. 37, 1269 (1931). 
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Fic. 3. Current-voltage curves for a 3 molecular layer 
= he 3650A and 4350A. The contact potential is 
ts. 


0 
(volts) 


A current-voltage curve is also shown for a 
film thickness of 2 molecular layers under the 
action of 3650A. The threshold for this film is 
approximately 5700A. This corresponds to a 
work function of 2.16 electron-volts. The maxi- 
mum energy an escaped electron could have 
under the action of 3650A is 1.25 electron-volts. 
In the case of the 4350A group of lines the 
maximum energy is 0.71. The extrapolated value 
for the ‘“‘maximum”’ retarding potential is 0.76 
volts. 

Fig. 3 shows the current-voltage curves for a 
3 molecular layer film. The threshold for this 
film is about 5800A. The work function, then, 
is 2.12 electron-volts. For the 3650A lines the 
maximum energy of escape is calculated to be 
1.26 electron-volts. The extrapolated value of 
the ‘“‘maximum” retarding potential is 1.24 volts. 
For the 4350A lines the maximum energy is 0.72 
electron-volt and the extrapolated value of the 
“maximum”’ retarding potential is 0.76 volt. 

The current-voltage curves for a film of 
approximately 30 molecular layers are shown in 
Fig. 4. This is referred to as a “thick film.”’ The 
threshold for this film is about 5500A. The 
work function is 2.24 electron-volts. This gives 
a maximum energy of escape in the case of the 
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Fic. 4. Current-voltage curves for a film of 30 molecular 
— using 3650A and 4350A. Contact potential is 2.5 
s. 
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Fic. 5. Theoretical analysis of curves shown in Fig. 2. 


3650A lines of 1.14 electron-volts. The extrapo- 
lated value for the ‘‘maximum” retarding po- 
tential is 1.07 volts. In the case of the 4350A 
lines the maximum energy is 0.60 and the 
extrapolated value 0.57. 

The data for the curves shown in Figs. 5, 6 
and 7 were taken from a paper by Roehr." 
These represent the theoretical values for the 
tails of the current-voltage curves. The experi- 
mental results were then plotted in the form 


"W. W. Roehr, Phys. Rev. 44, 866 (1933). 
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Fic. 6. Theoretical analysis of curves shown in Fig. 3. 
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Fic. 7. Theoretical analysis of curves shown in Fig. 4, 


log (1/x) against x. A horizontal and vertical 
shift was required in order to bring the experi- 
mental points in coincidence with the theoretical 
curve. The maximum energy at absolute zero 
could then be determined from the horizontal 
shift, xo= V,.e/kT. The shifts are indicated on 
the graphs under V,,. 

The data for Fig. 8 were obtained from a 3 
molecular layer film after removal of the liquid 
air from the charcoal trap. This marked change 
in the current-voltage curve was undoubtedly 
due to some gas which had been condensed by 
the liquid air cooled charcoal. The effect of the 
removal of the liquid air became less after the 
repetition of a few sets of data. This indicates 
that the gas or vapor which caused the change 
was adsorbed and disappeared in the potassium 
film. The change in the current-voltage curve 
stresses again the importance in obtaining gas 
free surfaces in a study of this kind. ~ 
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Fic. 9, Energy distribution of photoelectrons from a 30 


molecular layer film. 


Fic. 9 was obtained by differentiation of the 

current-voltage curves of Fig. 4. The curves 

| have been reduced to a common level at the 
most probable value of the energy. Because of 


the great similarity of the current-voltage curves 
for all film thicknesses, the energy curves for 
the other films are not shown. The results are 
in agreement with the theory. 


CONCLUSION 


Three separate methods were used to deter- 
mine the maximum retarding potential at 0°K 
(V,,), and in general the agreement is very good. 
The three methods were; extrapolation of the 
current-voltage curves, computation from data 
on the values of the thresholds of the surfaces, 
and from the shift (x= V,e/k7T) of the theo- 
retical-analysis curves. 

In contrast to the results of Lukirsky and 
Prilezaev on silver films there was no appreciable 
difference in the position of the most probable 
energy for different film thicknesses. 

Because of the failure of the very thin films 
to give saturation of the photocurrent and also 
lack of knowledge at present concerning the 
transmission coefficient, it is difficult to compare 
the complete current-voltage curves for different 
film thicknesses. The procedure has been to 
reduce all curves to the same value of photo- 
current at the corrected zero retarding potential. 
The two factors just mentioned affect the curves 
near the zero values of retarding potential, and 
both of these factors vary with the thickness of 
the film. The slight differences which are seen in 
the curves may be due to these factors. 

The fact that the photocurrent decreased after 
the formation of the very thin films (less than 3 
molecular layers) and remained nearly constant 
for the thicker films indicates that the potassium 
“dissolves’’* in the silver much more readily 
before a continuous film is formed than after. 
It was also noted that the rate of decrease for 
the very thin films was less when the condensing 
surface was cooled with liquid air or solid 
carbon dioxide. The work on the temperature 
effect is being continued and will be published 
later. 

* Note: The lack of saturation of the photocurrent indi- 


cates that this effect is most likely due to the formation of 
patches. 
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Ionization Potentials and Probabilities for the Formation of Multiply Charged Ions 
in the Alkali Vapors and in Krypton and Xenon 


Joun T. Tate AND Puuipe T. Smita, University of Minnesota 
(Received March 1, 1934) 


A mass-spectrograph analysis has been made of the ions 
formed by electron impact in Na, K, Rb, Cs vapors and 
in Kr and Xe. The electron energy varied from zero to 700 
electron-volts. Multiply charged ions were formed in all 
cases when the electron energy was sufficiently high. 
The ionization potentials for the various ions are given 
in the table. In general the curves showing likelihood of 
formation of these ions as a function of electron energy 
are of the usual shape. In the cases of K*, Rb*, Cs* and 
Cs** there are evidences of additional mechanisms of 


Na* 5.12 Rb* 416 Cs* 3.88 Kr* 13.94 Xe* 12.08 
Rb** 32.5 Cs** 27.4 Kr** 38.7 Xet* 33.2 
432 Rb** 80 62 Kr* 77 66.0 


Rb‘* 160 Cs** 113 Kré* 145 112 
Cs** 171 188 
Cs** 275 Xe** 275 


formation which appear at the following potentials: for 
K* at 15.5 and 150 volts; for Rb* at 12.5 volts; for Cs* at 
10, 17.5, and 60 volts; for Cs** at 80 volts. 


HE likelihood of ionization by electron 
impact with the atoms of the alkali metals 
is of interest because of the relative simplicity 
of their external electron configuration. The 
valence electron whose removal doubtless ac- 
counts for the initial course of the ionization 
curve is in a nearly hydrogenic field. As a result 
it may be anticipated that for these atoms and 
particularly for sodium (lithium was not investi- 
gated) the efficiency-of-ionization curves will be 
better in agreement with the theoretical pre- 
dictions made for the hydrogen atom than those 
for any other gases which have been studied. 
We know of but two studies of the ionization 
efficiencies in the alkali vapors. Kunz and 
Hummel! describe with but few details the 
character of the curve for potassium vapor. 
Funk,? who used a method devised by von 
Hippel® in which a beam of atoms is bombarded 
by electrons, gives results for sodium and 
potassium for electron energies up to 15 volts. 
Since von Hippel’s results for mercury vapor 
did not agree with ours‘ it seemed desirable that 
we determine by our method the efficiencies of 
ionization in the alkali vapors. In addition, we 
have analyzed the products of ionization and 
determined the likelihood, as a function of 
electron energy, of producing multiply charged 
ions in these vapors. 
During the course of the investigation some 


Kunz and Hummel, Phys. Rev. 35, 123 (1930). 


* Funk, Ann. d. Physik 4, 149 (1930). 
*v. Hippel, Ann. d. Physik 87, 1035 (1928). 
*P. T. Smith, Phys. Rev. 37, 808 (1931). 


krypton and xenon become available and a 
similar analysis for these gases is recorded. 


APPARATUS AND METHOD 


The ionization tube with its mass-spectrograph 
appendage is illustrated in Fig. 1. The metal 
parts are of tantalum except for the circular 
copper tube S. The main tube was enclosed in 
a furnace which could be maintained at any 
desired temperature. The alkali metal was dis- 
tilled into a side tube (not shown) which was 
kept at a temperature sufficient to give a vapor 
pressure in the main tube of about 5x 10-° mm 
or less. The circular analyzer tube was not 
heated, except by conduction. Alkali vapor 
diffusing through the slit P; would condense in 
the tube S, where the vapor pressure was 
therefore much lower than in the main tube. 
The entire assembly was surrounded by a 
solenoid which impressed a magnetic field of 
1000 gauss on the system in a direction parallel 
to the axis of the main tube. 

Electrons from the filament F were accelerated, 
first by a constant field between A and B and 


AS 
Longitudinal section 


Transverse section 


345 em 


Fic. 1. Diagram of apparatus. 
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then by an adjustable field between B and C. 
They then passed on down the tube between 
plates P; and P2, ionizing the vapor, and ulti- 
mately were trapped by a high transverse electric 
field in the electron trap 7. The positive ions 
produced between P; and P; were pulled upward 
to P, by a field of about 2 volts/cm. An ad- 
justable field between P; and P; further acceler- 
ated those which passed through the slit. This 
field was so adjusted that ions of a given mass- 
to-charge ratio would travel around the circle 
and be collected at Py. The current to P, was 
measured with a vacuum tube amplifier. 


RESULTS 


A typical analysis of the ions formed in 
caesium vapor is shown in Fig. 2. The ordinates 
represent the current to P, in arbitrary units, 
the abscissa the potential difference between P; 
and P; in volts. The ratios of the currents to P,; 
at the tops of the peaks to the electron current 
passing down the tube gives a measure of the 
relative probability of the production of the 
different ions. Curves showing these relative 


Cs* 


Current to P, 


§ 1 20 
Energy of ions Wwolts) 


Fic. 2. of ths ions in Cs 
vapor formed by single electron impact at 700 volts. 


probabilities in the alkali vapors and in krypton 
and xenon are shown in Figs. 3 to 8. These 
relative values were quite independent of all 
experimental conditions including vapor pres- 
sure, electron current density and strength of 
magnetic field except in the case of the ratio of 
the number of singly charged ions to the number 
of doubly charged ions in caesium and xenon 
where the ratio was not entirely independent of 
the magnetic field. As a consequence, the ordi- 
nates of the probability curves for Cs*+ and Xe* 
may be as much as 15 percent too low. This 
can be explained by assuming that the spread of 
the ion beam for heavier ions is greater than the 
width of the slit at P, which is a consequence of 
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Fic. 3. Probability curves for Cs. The ordinates are 
given in arbitrary units. The broken curve represents the 
total ionization or sum of the other curves. 
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Fic. 4. Relative probability for formation of K* and K**. 
The broken curve gives the total ionization in K. 
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§ 
“} Total ioniyation 
§ 
3 ‘\ Total ionizati 
$ 
| : Ke™ 
| ; 
2 2 ee eee | Fic. 7. Probability curves for Kr ions in arbitrary units. 
4 
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Fic. 5. Probability curves for Rb in arbitrary units. The 
ken curve represents the total ionization in Rb. 
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™~ Fic. 8. Probability curves for Xe ions in arbitrary units. 
ob Sea 350 20 charged ions in caesium and xenon were, on the 
Energy of electrons (volts) other hand, quite independent of all experi- 
mental conditions. 


Fic. 6. Current carried by Na* and Na** ions. These 


values are in absolute units reduced to 0°C and 1 mm The shape of the ionization-efficiency curve for 
peaauee. sodium is particularly simple. It rises steeply 

from the ionization potential to a sharp maxi- 
the dependence of the ion beam on the magnetic mum at 14 volts, then falls at first rapidly and 
field as well as on the mass, charge, and energy then more gradually out to 700 volts. There is 
distribution of the ions. The relative values of no evidence of irregularities in the smooth 
the currents carried by the doubly and higher course of the ionization process. On the other 
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Energy of electrons (volts) 


Fic. 9. Probability curves for Cs* and Rb* and K* ions in 
arbitrary units. 


hand the curves for potassium, rubidium and 
caesium show double maxima, plotted on a 
larger scale in Fig. 9, and other irregularities to 
be ascribed to the setting in of new modes of 
ionization. 

As is evident from the figures, the onset of 
new mechanisms of ionization occur at the 
following potentials: for K* at 15.5 and 150 
volts, for Rb* at 12.5 volts, for Cs+ at 10, 17.5 
and 60 volts, for Cs?* at 80 volts. We have had 
no success in correlating these potentials with 
known energy states of the atoms. Some are 
doubtless connected with so-called negative 
energy states, others with the energy necessary 
to remove electrons which lie deeper than the 
valence electron. 

*It is perhaps worthy of note that the likelihood 
of ionization in the alkali vapors reaches a first 
maximum at more nearly double the ionization 
potential than in the case of any other atom we 
have studied. That this position for the maxi- 
mum is called for by theory in the case of the 
hydrogen atom has perhaps been given undue 
weight in view of the admitted crudities of the 
calculations. The sharpness of the onset of 
ionization in the alkali vapors whose valence 
electron is ‘““hydrogenic’”’ as compared with other 
gases is, however, most interesting. 
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Fic. 10. Ionization potentials in Cs. 


In Table I are set down the minimum electron 
energies (ionization potentials) necessary for the 
removal of one or more electrons from the 
various atoms. A typical set of data from which 
these onset potentials were determined is plotted 


in Fig. 10. 


TABLE I. The tonization —_ in volts of the alkali 


vapors and of kr and xenon. 

Nat 5.12 Cs* 3.88! Kr* = 13.94 
Na** 5220.5! Cs** 274203 Kr** 38.7+40.5° 

Cs** 62+1 
K* 4.32 Cs** 11342 14525 
K** 36.041.3? Cs** 11743 

Cs** 27525 Xe* 12.084 
Rb* 4.16 410+20 Xe** 32.2+0.3 
Rb** 32.5+1.' Xe** 66.021 
Rb** 80+4. Xe** 11241 
Rb** 16025. Xe** 18823 


Xe** 275210 


1 Bacher and Goudsmit, Afomic Energy States, give the following 
spectroscopic values: Na** 52.1, Rb** about 31.5, Cs** 27.3. 
21. S. Bowen, 1s yt Rev. 31, ‘497 (1928), gives the following spectro- 


scopic value: K** 
+P. K. Kichler, Proc. Py, Sean, 643 (1928), gives the following 


spectroscopic value: Kr** 40.3 
«Humphreys, de Bruin and Meegers, R.S.1. 6, 287 (1931), give the 


following spectroscopic value: Xe** 33.2 
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Graduate School of the University of Minnesota 
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Diffraction of Electrons as a Search for Polarization 


F. E. Myers, J. F. Byrne anv R. T. Cox, Department of Physics, New York Unswersity 
(Received September 4, 1934) 


Electrons accelerated by voltages from 80 kv to 225 kv 
passed through a thin homogeneous foil of polycrystalline 
gold and formed a diffraction pattern on a fluorescent 
screen. Through a hole in the screen, various rays of the 
diffracted beam were made in turn to fall on a second 
diffracting foil similar to the first. The second diffraction 
pattern was obtained on a photographic plate and ex- 
amined for any asymmetry that might be caused by 
polarization of the electron beam. After certain asym- 
metries in the apparatus were corrected, no asymmetry 
was found in the diffraction pattern. By interposing a vane 
for a given fraction of the time of exposure over part of 


the plate, a partial calibration of the plate could be 
obtained directly. It was estimated that if there was any 
asymmetry at all, it was certainly not above 10 percent 
and probably not above 5. From this result and the ob- 
servations of other workers at voltages from 100 kv down, 
it seems safe to conclude that diffraction is wholly, or 
largely, ineffective in polarizing electrons with energies at 
any rate below 225 kv. This conclusion may be at variance 
with those of Rupp and Rupp and Szilard on double 
scattering and on scattering and diffraction of an electron 
beam. The relation of these different experiments is 
discussed. 


I. INTRODUCTION 


T has been shown by Bohr' in a simple argu- 
ment based on the principle of indeterminacy 
that a Stern-Gerlach experiment on a beam of 
electrons must in principle fail to separate com- 
ponent beams with oppositely directed magnetic 
axes. It does not follow that it is impossible to 
produce a partially polarized beam of electrons. 
On the contrary, partial polarization is predicted 
from Dirac’s equations, quantitatively by Mott? 
in a beam of electrons scattered by a central 
Coulomb electric field, and qualitatively by 
Halpern’ in a beam diffracted by a space-lattice. 
Forster,‘ following Frenkel,® has treated the case 
of reflection and transmission of a beam of elec- 
trons by a potential barrier and finds that the 
polarization of the beam remains unchanged for 
any form of barrier. It must be remarked here, 
however, that these authors have not treated the 
case where there is absorption. This has been 
done by Breit some years ago and the result 
indicates a possible polarization. In an actual 


experiment there may well be a small amount of - 


absorption; so one must not discard this pos- 
sibility without actual test. 

Various workers have looked for a polarization 
of free electrons. Of these, Wolf,* Joffé and 


' Published in an appendix to a paper by Mott, Proc. 
Roy. Soc. A124, 425 (1929). 
ass reference 1; also Proc. Roy. Soc. A135, 429 

). 

* Halpern, Zeits. f. Physik 67, 320 (1931). 

* Forster, Zeits. f. Physik 85, 514 (1933). 

* Frenkel, C. R. 188, 153 (1929). 

* Wolf, Zeits. {. Physik 52, 314 (1929). 


Arsenieva,’ Davisson and Germer,* and Lang- 
stroth,® all used electrons accelerated by a few 
hundred, or a few thousand, volts and all ob- 
tained negative results. These appear to accord 
with general theoretical considerations. The 
fields in which the electrons were deflected in 
these experiments were those of atomic struc- 
tures or crystal lattices, not those of ferromag- 
netic substances or electric currents. In such 
fields, as Massey'® has remarked, no magnetic 
part is to be expected adequate to produce 
effects in polarization. The electric field can 
produce such effects only by the action on the 
electric moment of the electron, and this is small 
unless the speed of the electron is comparable 
with that of light. In experiments with fast 
electrons, evidence of polarization has been 
looked for in double scattering by Cox, Mcll- 
wraith and Kurrelmeyer," Chase," Dymond,” 
Rupp" and Thomson;'* in transmission through 
magnetized iron foils by Myers and Cox;"* in a 
process identified with specular reflection by 


7 awe and Arsenieva, C. R. 188, 152 (1928). 
* Davisson and Germer, Phys. Rev. 33, 118 and 760 


(1929). 

* Langstroth, Proc. ie. Gos, A136, 558 (1932). 

1° Massey, Proc. Roy. . A127, 666 (1930). 

" Cox, McIlwraith and Kurrelmeyer, Proc. Nat. Acad. 
Sci. 14, 544 (1928). 

#2 Chase, Phys. Rev. 34, 1069 (1929); 36, 1060 (1930). 

% Dymond, Nature 128, 149 (1931); Proc. Roy. Soc. 
A136, 638 (1932). 

“Rupp, Phys. Zeits. 33, 937 (1932); Zeits. f. Physik 
88, 242 (1934). 

* Thomson, Phil. Mag. 17, 1058 (1934). ‘ 

* Myers and Cox, Phys. Rev. 34, 1067 (1930). 
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Rupp," in scattering and diffraction by Rupp,'* 
and by Rupp and Szilard,'* and Thomson; 
and in double diffraction by Thomson,” Kirch- 
ner,” and by Thibaud, Trillat and Hirsch.” 
Decided evidence of polarization is reported in 
all the experiments of Rupp, and Dymond 
obtained a positive result, which, though small, 
was significantly larger than the estimated error 
of observation. In the other experiments cited, 
the results were negative, or, as in those of Cox, 
Mcllwraith and Kurrelmeyer, and Chase, rather 
inconclusive, because of experimental difficulties. 

In the experiments of Rupp, and Rupp and 
Szilard on scattering and diffraction, a beam of 
fast electrons was made to fall on a gold target. 
The target was thick, in order that the scattering 
might be as intense as possible. A beam scattered 
at 90° by this target was separated from the 
other scattered beams by a diaphragm. Because 
the target was thick, this scattered beam con- 
tained many electrons of reduced energy. To 
separate these from the electrons elastically 
scattered, the beam was made to pass through 
an electric field so chosen that electrons which 
had lost appreciable energy to the gold target 
could not pass through the diffracting foil. It 
was estimated that the monochromatizing field 
was not strong enough to cause an appreciable 
precession in the electrons traversing it. The 
filtered beam of electrons was then diffracted by 
a thin foil of polycrystalline gold. At the higher 
voltages employed, it was repeatedly observed, 
with different apparatus, that the diffraction 
pattern was markedly asymmetrical. The great- 
est difference in the intensity of the pattern was 
between parts 180° apart in azimuth, as would 
be expected if the polarization corresponds to 
an orientation of the magnetic axes of the elec- 
tron. The sense of the asymmetry was such that 
electrons scattered one way, say to the right, 
appeared to be diffracted more intensely again 
to the right. Longitudinal and _ transverse 

17 Rupp, Zeits. f. Physik 61, 158 (1930). 


assay Naturwiss. 19, 109 (1931); Phys. Zeits. 33, 937 
1 Rupp and Szilard, Naturwiss. 19, 422 (1931); Phys. 
Zeits. 33, 158 (1932). 
%° Thomson, Nature 132, 1006 (1933); Phil. Mag. 17, 


1058 (1934). 
a Nature 126, 842 (1930). 
%2 Kirchner, Phys. Zeits. 31, 772 (1930). 


ass Trillat and Hirsch, J. Phys. Radium 3, 314 


magnetic fields applied between the scattering 
target and the diffracting foil modified this 
asymmetry in a sense and an amount calculated 
from the precession in the applied field of a 
magnetic doublet of the theoretical magnetic 
moment of the electron. Since the diffraction 
patterns were obtained photographically and the 
relation of blackening to intensity was not deter- 
mined, no quantitative estimate of the asym- 
metry could be made. It was, however, very 
striking in the diffraction patterns and in photo- 
metric traces made from them. 

Now, if the scattering target acts as a simple 
polarizer and the diffracting foil as a simple 
analyzer, the results of this experiment should 
be simply related to the results of experiments 
in which electrons are twice scattered, or twice 
diffracted. Let a beam of electrons be supposed 
partially polarized by scattering or diffraction. 
Let it then be supposed partially analyzed by 
either process. Let Imax and Imin denote the 
maximum and minimum intensities among the 
beams emerging from the analyzer. The asym- 
metry may be measured by (Jmax—Jmin)/ 
4(Imax+Imin), the extreme difference in intensity 
divided by the mean intensity. Let A,z, Ass, Aaa 
denote, respectively, the asymmetries so defined 
in scattering and diffraction, in double scattering, 
and in double diffraction. Then it is easily shown 
that 

That this relation may be valid for the com- 
parison of the results of different experiments, 
it is necessary that there be no significant dif- 
ference between one experiment and another in 
the speed of the electrons, the nature of the 
scattering and diffracting targets, or the angles 
of scattering and diffraction. Thus the experi- 
ments of Dymond on double scattering at 70 kv 
are not comparable with those of Rupp and 


Szilard on scattering and diffraction at higher 


voltages. But Rupp has himself carried out 
experiments on double scattering which indicate 
that for gold targets at voltages around 200 kv 
A,, is not greater than 10 percent. The observa- 
tions of Rupp and Szilard, though qualitative, 
seem to indicate a value of A,4g considerably 
greater than this. Hence, an experiment in 
double diffraction might be expected to show 
an asymmetry greater than 10 percent if the 
asymmetries they observed were caused by 
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polarization. Perhaps, however, it is worth 
remarking that in the experiments of Rupp on 
double scattering all the observations were made 
in one plane. If scattering not only polarizes a 
beam of electrons but also rotates the plane of 
polarization, then the maximum value of the 
asymmetry would not have been found in these 
experiments. Such a rotation was suggested by 
Cox, MclIlwraith and Kurrelmeyer to account 
for some of their observations. But these were 
inconclusive, and Mott finds no theoretical 
support for such a supposition. 

The purpose of the experiment now to be 
described was to determine A 4g, that is, to look 
for evidence of polarization in the double dif- 
fraction of a beam of electrons accelerated by 
voltages employed in the experiments of Rupp 
and Szilard. Similar experiments by Thomson at 
65 kv, by Kirchner at 85 kv, and a somewhat 
similar one by Thibaud, Trillat and Hirsch at 
100 kv have given negative results, but these are 
not necessarily in disagreement with the ob- 
servations of Rupp and Szilard, who find very 
little asymmetry at 100 kv. 


II. APPARATUS AND METHOD OF 
OBSERVATION 


For the necessary high voltage, a transformer 
rated at 100 kv (r.m.s.) is employed. A mechan- 
ical commutator driven by a synchronous motor 
doubles and rectifies this voltage and a condenser 
of sufficient capacity is used to keep the voltage 
constant. The static sectors of the commutator 
are short enough that the condenser and trans- 
former are connected only when the voltage is 
near its peak. Voltages as high as 265 kv can be 
developed on open circuit and voltages up to 240 
kv can be maintained in the accelerating tube. 
This apparatus is economical in construction and 
reliable in operation. It is subject to transient 
surges of short duration, but these are of no 
serious disadvantage in the present research, and 
the voltage is otherwise steady. 

The accelerating tube is similar to some used 
in nuclear disintegration, especially to one used 
by Tuve, Dahl and Hafstad. It is shown dia- 
grammatically in Fig. 1. Its wall is a Pyrex glass 
tube A, 92 cm long. 15 cm in diameter, and 6 mm 
in wall thickness. The filament B, a tight coil of 


10 mil tungsten wire, is supported by a steel 
plate C, which seals one end of the tube. It is 
housed in a hollow cylindrical copper electrode 
D, 6 cm in diameter, the length of which is 
adjustable by a slip joint. Within this cylinder 
the position of the filament can be varied by 
means of a sylphon E without impairing the 
vacuum. The middle electrode is a hollow copper 
cylinder F, fitted with two very coarse dia- 
phragms, G and G’. Two large disks, H and H’, 
set on this electrode serve to maintain an equi- 
potential zone around the glass tube, thus 
stabilizing the electron beam and saving the 
glass from excessive dielectric strain. This elec- 
trode has a limited movement by means of the 
sylphon I, for fine lateral adjustment of the elec- 
tron beam. Since in practice the middle electrode 
is grounded, the tube supporting it is conveni- 
ently used for evacuation. Through the middle 
electrode, the electrons pass to the anode J, a 
copper cylinder similar in construction and 
support to that which surrounds the filament. 
This opens through a ground joint K to the dif- 
fraction chamber. 

Although the experiment requires an electron 
beam very nearly parallel, it will be observed 
that little attempt is made to effect this by dia- 
phragms. The accurate alignment of such dia- 
phragms is extremely inconvenient, the more so 
as a complete neutralization of the magnetic 
field of the earth over the whole length of the 
tube is impracticable in the space available for 
apparatus. (A partial neutralization is obtained 
by a coil of wire wound around the top of the 
table on which the tube is mounted.) The beam 
is instead rendered parallel by accurate focussing. 
This has several advantages over the use of 
diaphragms. The electron current intercepted by 
diaphragms drains charge from the condenser of 
the rectifying system and thus causes the voltage 
to pulsate. It gives rise also to intense x-rays, 
which require difficult shielding of the photo- 
graphic plate. A widely divergent beam more- 
over subjects the glass walls to electron bom- 
bardment and seems to produce changes in the 
distribution of the accelerating potential and a 
consequent flickering of the electron beam. Such 
flickering is disastrous to the method described 
below of calibrating the photographic plate in 
this research. The use of an electron gun as 
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Fic. 1. The accelerating tube. 


cathode might have had advantages over the 
focussing employed, and some attempts were 
made to use one, but this proved impracticable 
under the limitations of space and equipment, 
with the cathode at a high negative potential. 

The principal element in focussing the beam 
is the position of the filament in its housing. 
Adjustment is made by placing a fluorescent 
screen at the anode end of the tube. The filament 
is drawn back until the current in the tube is 
nearly stopped by space charge and is then 
advanced by small degrees until a fine bright 
image of the filament appears on the screen. 
Small lateral adjustments of the beam to bring 
it to the center of the screen are made by flexing 
slightly the sylphon at the middle electrode, and 
by varying slightly the current in the coil on the 
table top. That this last adjustment does not 
interfere with the approximate compensation of 
the earth's field is seen by varying widely the 
voltage applied to the tube and noting that the 
image on the fluorescent screen is not displaced. 

For the high vacuum necessary in the experi- 
ment we employ a large diffusion pump using 
Apiezon oil B. The design of this pump was 
kindly furnished this laboratory by Dr. Zabel 
of the Massachusetts Institute of Technology. 
The fore vacuum was maintained by a small 
mercury pump. It is found that baking such 
parts as can conveniently be put in a vacuum 
furnace gives no sensible advantage, and the 
accelerating tube is therefore outgassed by bom- 
bardment with electrons and ions before obser- 
vations are made. Impermanent joints and those 
of glass to metal are sealed with picien wax or 
with Apiezon Compound Q. 


Fig. 2 shows the diffraction chamber. The beam 
of electrons, accelerated and rendered parallel in 
the accelerating tube A, enters the channel in 
the copper block C, which stops the greater part 
of it and absorbs most of the x-rays generated. 
The rest of the beam strikes the gold foil F; and 
forms a diffraction pattern on the fluorescent 
sereen B. By means of the sylphon H, the whole 
camera is virtually pivoted at F;. The lead block 
I helps prevent fogging of the photographic 
plate D. 

The openings in the diaphragms are about 0.2 
mm in diameter. For the diffracting foils neither 
beaten nor electrolytic gold leaf is satisfactory, 
as both, especially the latter, give diffraction 
rings marked by spots, presumably of the Laue 
type of diffraction and caused by an imperfect 
randomness of the polycrystalline structure. The 
foils we found best are produced by evaporation 
of a gold wire on a film of collodion. The col- 
lodion film is very smooth in consequence of 
being dried in an atmosphere of ether vapor. The 
gold film is freed of collodion and mounted as 
described by Thomson.** The homogeneity of the 
foil is shown by the fact that, except for its char- 
acteristic green color, it is invisible by trans- 
mitted light under the microscope, having no 
inhomogeneities on which the microscope can be 
focussed. 

The photographic plate is 25 cm by 5 cm 
and will take five exposures. These are made 
without impairing the vacuum. The plateholder 
slides on rails in a tube G transverse to the beam 
of electrons. A rack on the plateholder is engaged 


* Thomson, The Wave Mechanics of Free Electrons, p. 
74, The McGraw-Hill Book Co., 1930. 
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28 Cm — 


Fic. 2. Apparatus for double diffraction. 


by a pinion pivoted in the tube, and the pinion 
is turned from outside by the rotary flexure of a 
sylphon. This device, which requires no sliding 
vacuum joint, we believe to be better than the 
stopcock devices sometimes used for moving 
plates in vacuum. 

To determine approximately what difference 
in blackening corresponds to a given difference in 
exposure to electrons, a movable aluminum vane 
is so set in the camera that the flexure of a 
sylphon moves it over a part of the plate. The 
vane being interposed for a given fraction of the 
time of exposure, and the intensity of the electron 
beam being constant, the exposure under the 
vane is less than that in adjacent parts by this 
same fraction. The constancy of the electron 
beam is roughly tested by watching throughout 
the exposure the diffraction pattern on the flu- 
orescent screen B. Each exposure thus carries 
its own calibration. 

Of the kinds of photographic plates tried 
Eastman 33 was found most satisfactory and 
was used in all the more significant exposures. 
The development was carried out with care to 
avoid any accidental unevenness. 


III]. 


We have made in all about 120 exposures 
showing the diffraction pattern produced when 
electrons are accelerated by voltages from 80 to 
225 kv and diffracted successively by two gold 
foils. The voltages were measured by the 
diameter of the diffraction rings, which is reason- 
ably accurate when the diffraction is as sharp as 
it was in most of our observations. Of the ex- 
posures made, 35 were made with the apparatus 
just described, the rest with provisional appa- 
ratus from our experience with which the final 
apparatus was developed. Among these 35, more 


were made at voltages around 200 kv than 
elsewhere in the range of voltages covered. 
According to the theory of diffraction by 
polycrystalline bodies of face-centered cubic 
lattice-structure, the diameters of the rings of 
any one diffraction pattern are in the ratios 
V3: v4:V8: 716: ¥19: ¥20, 
etc. The rings 411, ¥12, and 19, ¥20, are 
usually unresolved. The distribution of the 35 
exposures among the different rings of the first 
diffraction pattern is shown in Table I. The 


Taste |. Distribution of the 35 exposures among the different 
rings of the first diffraction pattern. 


Right Left Up Down 
v3 — on 
v4 — -- 
v8 — 2 1 
v 11.25 11 1 7 


columns labelled right, left, up, down, indicate 
which portion of the ring shown in the first 
column was set on the second foil. The angles of 
deviation at the second foil of electrons from 
the , 8 and y 19.5 rings of the first pattern were 
about 1° and 3°, respectively. The sharpness of 
the diffraction pattern obtained in the three 
exposures made with the second foil placed 
between the 411.25 and 19.5 rings (back- 
ground) showed that the gold foils were so thin 
that very little inelastic scattering occurred in 
them. 

In some of the early exposures there were 
asymmetries with the points of extreme differ- 
ence 90° apart in azimuth. These asymmetries in 
the diffraction rings were always accompanied by 
an asymmetry in the central spot. They could 
be ascribed to a lack of parallelism in the beam 
incident on the second diffracting foil, by reason 
of which the pattern obtained was a super- 
position of patterns unevenly distributed. These 
asymmetries in both the central spot and the 
rings were removed by the correction of acci- 
dental asymmetries in the apparatus. 

In none of the 120 or more exposures have we 
observed any asymmetry which could be ascribed 
to polarization. All of the last 35 exposures were 
examined visually and even the faintest rings 
appeared to be perfectly symmetrical.” As was 
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Fic. 3. Electron diffraction pattern showing calibration 
vane which was interposed for 15 percent of the exposure 
time. 


previously stated, a partial calibration of each 
plate was made by means of a vane which cut 
off electrons from part of the pattern for any 
desired fraction of the total exposure time. In 
Fig. 3 is shown a reproduction of a diffraction 
pattern in which the shadow of the calibration 
vane may be seen. The intensity difference 
between the shadow and the adjacent parts is 
15 percent. The shadow could be easily seen with 
a 10 percent difference, and it is quite certain 
that no asymmetry as large as 10 percent existed 
on the patterns. The shadow of the vane could 
be seen with difficulty when the intensity dif- 
ference was 7 percent. 

In an effort to determine the maximum value 
of any asymmetry, some of the patterns were 
examined with a microphotometer. From 4 
different patterns. a total of 15 traces were made. 
The usual procedure was to run the trace three 
times on one pattern, one trace being mad. 
across the plate in a horizontal direction, one at 
nght angles to this, and one passing through the 
shadow of the calibration vane. A reproduction 
of one such trace, in which the calibration vane 
was interposed for 15 percent of the exposure is 
shown in Fig. 4. The vane extended frem the 
right to the vertical line |. The decrease in 
height of the peaks of the y 11.25 ring and those 
to the right corresponds to this decrease in ex- 
posure. An examination of the traces made in 
the direction of the expected asymmetry and at 
right angles to this direction showed no difference 
comparable to this. Slight variations in the height 
of the peaks, of the order expected from the 
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Fic. 4. Photometric record of the exposure from which 
the print shown in Fig. 3 was made. The trace passed 
over the shadow of the calibration vane. 


necessity of using a very narrow scanning beam 
in the measurements, appeared at random. The 
same observations hold for plates in which the 
vane was interposed for 10 percent of the time, 
the longer time being chosen here for clarity of 
reproduction. It is worth while to call attention 
to the asymmetry of the central spot as shown 
by the flatness of the trace at that point. This 
was not true in the traces published by Rupp 
and Szilard. 

It may be well to list certain factors which 
might be supposed to mask an asymmetry 
caused by a true polarization and to discuss the 
control of these factors in this experiment. 


1. Accidental compensating asymmetry 

An accidental asymmetry closely compensat- 
ing an asymmetry due to polarization is unlikely 
in a single exposure, and would be practically 
impossible in a large number, unless it were an 
invariable mechanical or electrical asymmetry in 
the apparatus. There seems no chance that any 
such invariable asymmetry was present. There 
were marked changes in the construction of the 
apparatus between the preliminary and ft nal 
forms. The variation in voltage would almost 
certainly have thrown out of adjustment any 
exact compensation. The angle between the 
axes of the tube and the camera was changed 
as different diffraction rings were made to fall 
on the second foil. And. the sylphon H of Fig. 2 
being flexible in every direction, different com- 
ponent rays of a single ring were brought to 
incidence on the second foil by bending the 
sylphon right, left. up and down. 


2. Fogging by x-rays 

Any uniform fogging by x-rays would have 
decreased the contrast caused by any true 
polarization. It would not, however, have in- 
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validated the calibration, because the aluminum 
vane used in the calibration was transparent to 
x-rays, and any x-rays masking an asymmetry 
caused by polarization would also have masked 
the difference in blackening on which the cali- 
bration depended, so that the insensibility of the 
observation would at once have become evident. 
Moreover, tests made with the final apparatus 
showed that the fogging of the plates by x-rays 
was barely detectable. 


3. Incoherent scattering of electrons 

Electrons incoherently scattered by atomic 
nuclei, at angles of the order of the angles of dif- 
fraction used in the experiment, would have on 
Mott's theory a quite negligible polarization. 
Hence, if the electrons diffracted by the first foil 
were accompanied by a much greater number of 
electrons incoherently scattered, any effect of 
polarization by diffraction would be masked. 
That there was no such preponderance of in- 
coherently scattered electrons is shown by the 
brightness of the diffraction rings. 


4. Over-exposure or under-exposure of the 
plates 

If the photographic plates were consistently 
over or under-exposed, any asymmetry would 
have been masked. But, of the exposures made, 
a considerable fraction were calibrated with the 
movable vane, and in the rest, the times of ex- 
posure were widely varied, and in each exposure 
the intensities of the different rings were widely 
different. 


IV. CoNncLUSION 


The conclusion from all of the observations 
made by us is that in two successive diffractions 
by polycrystalline gold foils of electrons with 
energies in the range from 80 kv to 225 kv if any 
asymmetry exists, it is certainly less than 10 
percent, and probably less than 5. Taking into 
consideration the work of other observers, it 
seems reasonable to conclude that diffraction is 
wholly or largely ineffective as a means of polar- 
izing electrons with energies at any rate below 
225 kv. 

This conclusion is hard to reconcile with that 
of Rupp and Szilard on scattering and diffraction 


considered together with the observations of 
Rupp on double scattering, unless it be assumed 
that scattering not only separates the polarized 
components of a beam of electrons but also 
rotates the plane of polarization. It is difficult to 
take exception to their findings in view of the 
number of observations made by them with 
different sets of apparatus. 

Our experience indicates indeed that acci- 
dental asymmetries are easily introduced, though 
it so happened that those appearing in our earlier 
observations were not of a sort to be mistaken 
for effects of polarization. The electric filter used 
in the experiments of Rupp and Szilard to remove 
the slower electrons from the scattered beam, if 
it gave rise to any asymmetry, might well have 
produced one of the polar type, but Rupp states 
that the asymmetry observed is independent of 
the azimuth of the monochromatizing field. 
Thomson,”’ however, has repeated their experi- 
ment at 152 kv omitting the monochromatizing 
electric field, and found no asymmetry, though 
Rupp and Szilard reported a small but quite 
detectable polarization at this voltage. 

It should be remarked that the effect on the 
asymmetry of the magnetic field applied in their 
experiment to cause a precession of the electron 
spin is not crucial in showing that the asymmetry 
is due to polarization. Breit has found in a cal- 
culation, which he has kindly allowed us to add 
as an appendix to this paper, that an asymmetry 
caused by a lack of parallelism in the beam 
incident on the diffracting foil would be affected 
by a magnetic field precisely as would be an 
asymmetry caused by polarization. 

We are indebted to Professor Breit not only 
for this calculation, but also for many valuable 
suggestions made during the course of this 
research. We are obliged to Dr. Szilard for his 
courtesy in acquainting us with the details of 
the apparatus employed by him and Rupp, and 
in showing us a number of their diffraction 
patterns and photometric traces. Our thanks are 
due to Dr. Garman of the Department of 
Chemistry of New York University for his 
kindness in making photometric records for us, 
and to Dr. Granath, of the Department of 
Physics for assistance in evaporating gold for 
the foils used in this work. f 
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APPENDIX 


It is of interest to note that the experiments of Rupp, 
and Rupp and Szilard who used magnetic fields to check 
on electron polarization effects are incapable of distin- 
guishing between effects of electron spin orientation and 
photographic effects which may arise from an unsym- 
metrical intensity distribution in the beam incident on 
the foil. An inspection of the microphotometer records re- 
produced in their papers and of their photographs shows 
in fact that the applied fields had an effect on the intensity 
dissymmetry of the central spot. The central spot being 
over-exposed, it is difficult to say just how large this 
dissymmetry was, except that it must have been appreci- 
able. We may thus consider as an alternative the following 
explanation of the dissymmetry of intensity around a given 
ring. The electron beam scattered by the target and 
incident on the foil consisted of a set of beams having 
somewhat different directions and different intensities. 
Among these, one was relatively sharper and stronger 
than the others. Each beam gave rise to its own set of 
diffraction rings having its own beam as a symmetry axis. 
The weaker and broader beams served only as a back- 
ground and were below the threshold of the plate. Where 
they overlapped with the sharp ring, they enhanced its 
intensity. Since any number of equal circles can be passed 
through a point without having another common point of 
intersection, it is possible to obtain in this way a 180° 
asymmetry. 

In comparing the expected effects of the magnetic field 
on the spin and on the direction of the electron beams, 
care must be taken not to make an incorrect application of 
Larmor's theorem. It should be remembered that it in- 
cludes only first order effects in 30 and that it obviously 
does not suffice since electron beams can be focussed by 
longitudinal magnetic fields. For a longitudinal magnetic 
field, the equations are p, =(e/c)\y, py = 
where p, = mi(1—v*/c)~. Solving these, one finds #+iy 
= exp [ —i8t] where 8 = (1 which 
shows that the dissymmetry in the incident beam returns 
to its original condition when 8t=2r. This condition has 
been found to be approximately satisfied by Rupp and 
Szilard. In discussing the combination of a transverse 
electric field & and a perpendicular transverse field 3C 
satisfying S=m5C/c one transforms first to a system 
moving with velocity v%. In this system there is no electric 
field and the velocities are small enough to make relativity 
effects negligible. Transforming back to the apparatus, 
one finds 8t=2* for a complete rotation of the pattern, 
again in agreement with Rupp and Szilard. 

It must be emphasized that unless one has a satis- 
factorily symmetrical beam the conclusions which may be 
drawn from the above experiment are necessarily com- 
plicated by the following factors: (a) A photographic 
record of the central spot is not a satisfactory indicator 
of the intensity distribution in the beam on account of 
scattering in the foil. (b) There is not necessarily a simple 
correspondence between the dissymmetry in the central 
spot and in the rings. (c) The area of the foil exposed to 
the beam may have an effect. 


An inspection of the photographs in their papers show 
that the rings have intensity variations in addition to the 
expected maximum and minimum at points 180° apart. 
These intensity variations are apparently displaced as a 
result of the application of the longitudinal field. They can 
hardly be due, therefore, to irregularities in the foil, but 
are quite naturally explained by the above suggestion. 

The appearance of the Rupp and Szilard pictures kindly 
supplied by Dr. Szilard suggests that different sides of the 
picture are not in equally good focus. This may give false 
effects. The filament may have been focussed at a point 
back of the solid target. The different crystals in the target 
would then reflect the image into different images located 
on a sphere with the target as center. 

In the absence of the diffracting foil, a diaphragm picks 
out some of these images. Each image is then not focussed 
in the plane of the photographic plate, but in some other 
plane, on account of the original depth of filament. Thus, 
due to each crystal one has through the diaphragm rays, 
some of which image a part of the filament on the plate, 
and others image another part of the filament in another 
plane. On account of absorption in the target, crystal 
planes parallel to the surface are more effective and one 
may expect a diffuse filament image focussed somewhat 
better on one part of the plate than on another. One may 
thus expect an asymmetry in the central spot as a result 
of focussing effects. The question comes up whether this 
sort of asymmetry is in its effect like the asymmetry 
previously discussed. 

The important point needed is to know how a grating 
changes the focussing of a bundle of rays. In Fig. 5, con- 
sider two rays of the original beam coming to a focus at I, 
Il, respectively. Let C,’, C,”, be two orientations of the 
normals to crystal planes responsible for different portions 
of the diffraction rings. The corresponding foci of I, after 
diffraction, are I’ and I’. It is seen that their plane is 
changed. 

For II the change is in the opposite direction, i.e., the 
right side is lowered and the left is raised. Thus, what 
shows itself in focus on the plate is pretty accidental. It 
would seem that a single strong focus off center from axis 


Fic. 5. Greatly exaggerated representation showing 
how focussing effects may distort an electron diffraction 


pattern. (Appendix.) 


Io 


Diaphragm 
/ ( 
a 
foul t 
JAK 
Ss 
MEL, 
\' \ 
a \ \ 
i 


wing 
‘tion 


JOULE-THOMSON EFFECT IN ARGON 785 


(as e.g. 1) could produce an effect similar to the one 
observed 


When a magnetic field is applied, the focus is changed. 
The change is a particularly simple one if 8t=2* where ¢ is 
the time necessary to go through the field. In this case, 
we have (x, y)=(xo, yo) and (Zz, y) =(Zo, yo) where xo, yo, 
Zo, Yo are the values of x, y, #, y at the point where the 
electron enters the field. In this case, the focus is thus 
displaced along the field by the length through which the 
field is applied. For other values of ft the change in 
the focus is more complicated. 

We may thus expect marked effects on focussing due to 
magnetic fields even if the periodicity condition 6t=2- is 
satisfied. However, if the distance in which 3C is applied is 
relatively short, we will still have the same type of asym- 
metry for 8t=2-* as for 8t=0. 

The above remarks are not intended as a proof of the 
absence of a preferential orientation of the spin, but 
simply to point out that the more trivial explanation is 
also possible. 


Note added in proof, October 8, 1934. Since this research 
was completed, both Dymond*™ and Rupp” have published 
results of further experiments in double scattering. Dy- 
mond now ascribes the asymmetry previously observed by 
him to instrumental irregularities and finds no asymmetry 
greater than 1 percent in the double scattering by thin 
gold foils of electrons with energies up to 160 kv. Rupp 
finds with gold foils and electrons accelerated by 250 kv 
an asymmetry of 10 percent. He has applied magnetic fields 
between the targets with the same result as before. (See 
reference 19.) Dymond mentions the possibility that such 
tests may not preclude the existence of instrumental 
asymmetries. It is not clear, however, whether a sufficiently 
complete calculation of the kind indicated in the appendix 
has been made by him or whether his considerations are 
qualitative. 


** Dymond, Proc. Roy. Soc. Al45, 657 (1934). 
** Rupp, Zeits. f. Physik 90, 166 (1934). 
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The measurements employed the same apparatus as for 
helium and air. Slight changes were made in the com- 
pressor and the purification system. The argon was of 
high purity except for 0.5 percent of nitrogen. Clogging of 
the plug gave trouble in a limited part of the field. The 
vapor phase from Pyrofax gas makes an excellent low 
temperature bath liquid. The data for the isenthailpic 
curves are given in detail and plotted. The values of the 
Joule-Thomson coefficient, «4, over the field (—150 to 


HE measurements on the Joule-Thomson 

effect in air':* and in helium*: ‘ are here 
extended to argon. They cover the same range 
of pressure (1 to 200 atm.) and of temperature 
(—150° to 300°C). The apparatus is the same 
as that used for helium,’ and reference is made 
to this and the earlier articles':* for the details 
of both apparatus and methods. A few small 
changes are described below. 


ARGON SUPPLY 


The argon used for these measurements was 
presented by the General Electric Company 


! Roebuck, Proc. Am. Acad. Sci. 60, 537 (1925). 

? Roebuck, Proc. Am. Acad. Sci. 64, 287 (1930). 

* Roebuck and Osterberg, Phys. Rev. 43, 60 (1933). 
* Roebuck and Osterberg, Phys. Rev. 45, 332 (1934). 


300°C and 1 to 200 atm.) are calculated, tabulated, and 
plotted as a function of temperature and pressure. The 
lower branch of the inversion curve (u=90) falls within the 
low temperature range of these measurements. The trends 
of the Joule-Thomson effect in argon over the measured 
range of temperature and pressure are exceedingly like 
those in air and nitrogen. Lack of specific heat data 
prevents the calculation of other important thermodynamic 
coefficients. 


through Mr. B. L. Benbow of the Cleveland 
Wire Works. It came from a lot which was 
stated to contain 99.5 percent A, 0.00001 percent 
O», 0.000005 percent H:, less than 0.000001 
percent carbon compounds, with a residue of N, 
of about 0.5 percent. 

The nearness of the critical temperature of 
argon (7.=—122.4°C) to that of nitrogen 
(T.= —147.1°C) leads one to expect that the 
presence of a small amount of nitrogen in argon 
will alter the Joule-Thomson effect in argon but 
slightly. Work with argon as an impurity in 
nitrogen showed that the percent change in yu 
for nitrogen was close to the percent of argon 
impurity when small. These results suggest that 
a small percent impurity of nitrogen in argon 
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Fie. 1. t as function of ~ at constant enthalpy. 


will alter « for argon by a percent considerably 
less than the percent of impurity. It was inex- 
pedient to waste our limited argon supply in 
direct experimental test of this statement since 
plans were in mind for a study of the whole 
range of mixtures. Satisfactory methods for 
analysis for these small percentages of nitrogen 
in argon and for their removal promised to be 
both difficult and time consuming. The argon 
was therefore used as received and every effort 
made to protect it from admixture with air. 
The system remained unexpectedly tight, as 
shown by the very small loss of argon. Moreover, 
the measurements were completed in a very 
much shorter time than with He. 


COMPRESSOR 


In the helium measurements the time required 
to keep the compressor in satisfactory order was 
the greatest interference. The replacement of 
steel by monel metal in both cylinder liners, by 
excluding rusting, greatly prolonged the life of 
the fiber packing. The change from monel metal 
disk valves in steel housings to stainless steel 
disks in monel metal housings removed entirely 
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Fic. 2. ¢ as function of p at constant enthalpy. 


the distortion of the disks from pounding. The 
substitution of a rubber packing on the piston 
rod for the oily fiber packing removed the last 
means by which oil can enter the system. 


PLuG CLOGGING 


As before, extreme measures were taken to 
remove condensable impurity. The compressed 
argon passed successively through a water trap, 
a 1.5 meter column of lump sodium hydrate, a 
70 cm column of potassium hydrate and a 
regenerative cooler in which the argon fell to 
liquid air temperature and rose to room temper- 
ature again. Before each day's low temperature 
runs, the apparatus was held above 75°C and 
dry argon passed through it for at least half an 
hour. 

That most of the persistent clogging was not 
due to water vapor is shown first by the means 
taken to remove it, and second by the following 
phenomenon. The plug clogged rapidly whenever 
there was a large temperature drop across it. 
If after considerable clogging, the temperature 
drop was cut to one-quarter or less by reducing 
the pressure drop, the flow grew steadily. This 
could be done repeatedly, though the maximum 
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TABLE I. Data for isenthalp of argon which are plotted in Figs. 1 and 2. . 
No. Pp t No. Pp t No. Pp —t No. Pp —t No. Pp —t ‘ 
300° curve, Plug 65 100° curve, Plug 65 0° curve, Plug 57 —85° curve, Plug 57 —110* curve, ; 
1 5.0 290.86 1 6.7 62.06 1 1.5 73.62 1 6 126.06 1 136.1 111.86 7 
2 194 20200 | 2 216 65.94 2 6282 2 67.3 112.63 2 1584 110.60 
3 44.4 293.53 3 43.9 71.88 3 43.6 $0.28 3 88.7 104.17 3 175.9 109.83 4 
4 67.7 294.90 4 67.7 77.31 4 68.0 38.68 4 113.2 97.21 4 201.5 109.27 3 
5 88.4 295.98 5 90.9 82.02 5 88.7 30.17 5 136.7 92.33 d 
6 113.1 297.12 6 112.8 86.11 6 112.8 21.75 6 153.1 89.57 — 120° curve, 14 q 
7 136.4 298.07 7 135.8 89.92 7 136.4 14.88 7 176.1 86.47 1 15.1 150. : 
8 158.6 298.89 & 159.1 93.50 x 158.8 934 x 201.5 83.93 2 20.1 143.54 ] 
9 201.5 300.22 9 176.3 95.79 uy 176.1 5.48 3 26.8 138.21 
10 201.5 99.15 10 201.5 0.44 —90° curve, Plug 14 4 33.4 132.91 y 
250° curve, Plug 65 1 38.3 1129.10 5 44.10 127.77 
1 4.3 36. 75° curve, Plug 65 —25* curve, Plug 57 2 44.4 125.47 6 55.7 126.16 : 
2 20.5 238.34 1 5.8 30.90 1 20 118.06 3 50.6 122.19 7 67.7 124.83 
3 43.8 240.46 2 20.8 35.95 2 20.7 101.74 4 55.9 119.25 8 88.6 123.13 ; 
4 67.4 242.45 3 44.0 43.02 3 43.7 84.13 5 60.8 117.24 a 108.1 121.90 Pp 
5 88.4 244.06 4 67.7 49.42 4 67.5 70.02 6 67.5 114.28 10 136.7 120.91 7 
6 112.7 245.84 5 91.1 55.05 5 88.6 59.75 7 88.3 107.29 il 158.8 120,06 F 
7 136.0 247.22 6 113.2 59.81 6 112.8 50.05 x 112.8 101.65 12 176.1 119.93 ; ' 
8 158.3 248.45 7 135.6 64.12 7 136.2 42.37 9 135.8 97.74 13 201.5 120.10 i ( 
9 201.3 250.70 & 159.1 68.17 s 158.8 36.27 10 159.4 94.77 q 
175.9 70.83 9 176.4 32.25 11 201.5 91.09 — 120° curve, Plug 65 
250° curve, Plug 25 10 201.5 74.90 10 201.5 27.07 1 4 120.93 f 
1 136.0 247.39 — 100° curve, Plug 57 2 158.5 120.38 
2 158.3 248.54 50° curve, Plug 65 —50° curve, Plug 57 1 676 116.33 3 1789 «120.07 
3 175.8 249.30 1 5.5 —1.22 1 1.2 67.93 2 88.4 110.87 4 201.5 120.10 ¢ 
4 201.3 250.70 2 21.3 +4.85 2 20.2 135.49 3 113.1 106.50 ‘ 
3 44.0 13.24 3 4.0 111.75 4 1 103.41 — 130° curve, Plug 65 : 
200° curve, Plug 65 4 67.7 20.81 4 67.9 94.60 5 159.0 101.36 1 37.3 132.94 ” 
1 4 180.55 5 90.6 27.30 5 88.3 83.49 6 175.9 99.96 2 43.0 132.42 4 
2 20.2 182.78 6 112.8 32.92 6 112.9 72.90 7 201.5 98.82 3 $4.2 131.67 : 
3 44.4 185.90 7 135.4 37.89 7 136.4 -66 4 67.0 131.00 
4 67.4 188.70 8 158.8 42.57 & 158.8 $9.72 — 100° curve, Plug 14 5 87.6 130.21 : 
5 88.2 191.00 a 176.1 45.57 Q 175.9 56.00 1 124.53 6 11.6 129.62 : 
6 112.9 193.45 10 201.5 49.82 10 201.5 $1.21 2 50.4 122.29 7 129.5 129.28 
7 135.9 195.43 3 119.64 | 129.38 
8 158.5 197.29 25° curve, Plug 65 —65° curve, Plug 57 4 61.8 117.72 } 
9 175.7 198.52 1 4.7 — 36.80 1 19 181.88 5 79.4 112.75 — 140° curve, “4 ts 
10 201.3 200.45 2 20.5 — 28.60 2 14.3 150.49 6 201.5 98.82 1 14.9 150.87 
3 4.0 — 17.98 3 20.8 143.46 2 20.4 144.12 
150° curve, Plug 65 4 67.9 — 8.65 + 27.1 137.41 — 100° curve, Plug 65 3 26.4 141.40 : 
1 4.9 122.67 5 91.2 — 0.82 5 33.4 132.59 1 136.4 103.46 4 31.3 140.92 : 
2 20.3 125.65 6 113.1 + 5.50 6 43.9 122.08 2 158.8 101.40 5 44.1 140.63 
1€ 3 44.1 129.92 7 135.5 11.30 7 67.6 104.68 3 176.0 100.12 6 67.9 140.27 
+ 67.4 133.77 158.7 16.53 x 89.0 93.50 4 201.5 98.82 7 RR 4 140.30 
mn 5 884 136.92 9 176.0 20.01 9 113.2 84.01 8 1126 140.33 : 
6 112.9 140.32 10 201.5 24.71 10 136.8 77.04 —110° curve, Plug 14 9 136.4 140.39 ’ 
st 7 136.6 143.22 il 160.0 71.83 1 38. 128.68 10 OLS 
8 158.5 145.74 25° curve, Plug 57 12 175.9 68.59 2 444 125.77 ? 
9 176.2 147.53 1 3.1 —37.91 13 201.5 64.42 3 50.6 123.17 — 150° curve, Plug 
10 201.3 149.95 2 22.1 — 28.08 4 55.8 121.96 1 19.7 147.93 
3 45.6 —17.69 —75° curve, Plug 14 5 60.6 120.84 2 311 147.79 % 
125° curve, Plug 65 4 69.8 — 8.25 1 19.8 144.09 6 67.3 119.46 3 43.3 147.74 ‘ 
1 5.0 93. 5 92.5 — 0.58 2 27.5 137.16 7 88.3 116.27 4 $3.6 147.83 
2 21.0 96.77 6 114.7 + 5.89 3 33.2 132.20 x 112.8 113.61 5 67.2 147.81 
3 44.3 101.72 7 137.5 11.73 4 38.8 128.90 9 136.2 111.63 6 87.3 147.89 
to 4 67.7 106.21 8 161.1 16.92 5 “43 125.61 10 158.5 110.46 7 109.3 148.71 
5 91.2 110.24 9 178.2 20.35 6 54.3 118.05 il 176.6 110.04 
“d 6 113.2 113.69 10 201.5 2471 7 67.5 110.49 12 201.5 109.27 
7 135.1 116.81 & 88.7 99.99 
p, 8 158.8 119.77 9 112.9 91.60 
a 175.7 121.74 10 136.4 85.66 
a 10 20L5 124.97 11 158.4 81.34 
12 175.6 78.44 
a 13 201.5 75.11 4 
tO “a 
r- flow decreased. This can be interpreted as the Scattered observations seemed to connect the J 
re deposition in and the subsequent sublimation clogging with oil in the compressor. Our tentative ; : 
d from the pores of the plug of some substance hypothesis is that the persistent clogging is due { 
in solid at these temperatures. Since it occurred to some decomposition product of the oil re- q 
with the plug at —100°C, it could hardly be sulting from the high compression temperatures 
ot water. (300°C), this product solidifying in the plug q 
1s Once, after a considerable time of flow with over the temperature range in which we were 4 
4 nitrogen at these low temperatures, the regener- bothered. It is probably not an oxidation product : 
or ative liquid air purifier was disconnected as soon’ since the same phenomenon has been observed q 
t. as possible after the pressure was dropped, and_ with air, He, A and N. q 
“e was left open. As the regenerator warmed up, — B L 
the nitrogen left therein and any other volatile W EMPERATURE DATH LIQUID 
is material escaped. Clogging troubles were much A very low temperature bath liquid was q 
. . 4 
n less evident in succeeding runs. obtained by drawing off the vapor phase from a . 
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Fic. 3. « as function of p at constant enthalpy. 


100 Ib. drum of Pyrofax gas and condensing it in 
the cooled apparatus. The liquid so obtained, 
probably largely butane, gave no sign of any 
freezing with the bath at —150‘°C, where the 
thermostat tank walls lay somewhere between 
—150° and —190°C. It is both cheap and 
readily available, and solves the previous diffh- 
culty. 
EXPERIMENTAL RESULTS 


The data are given in Table I, and are plotted 
in Figs. 1 and 2. The individual curves are 
referred to by their approximate bath tempera- 
ture. The last temperature and pressure readings 
in a table are, respectively, the bath temperature 
and the inlet high pressure. The temperatures 
are all in the hydrogen centigrade scale, and the 
pressures in atmospheres absolute. 

Where it seemed advisable, the data were 
taken in duplicate and are distinguished by the 
plotting symbols. When a plug had been shown 
to be reliable by the test of duplication, a group 
of runs were made without further duplication ; 
and if the points fell well on a smooth curve and 
the curves made an accordant family, the data 
were considered satisfactory. 

In Fig. 1, the isenthalpic curves above 75°C 
are plotted to twice the temperature scale used 


for those below 75°C. The original large plot 
was cut across the middle to form Figs. 1 and 2. 
The pressure scale is alike for all the curves but 
the temperature scale is broken so as to crowd 
the curves together. The data for the vapor 
pressure curve are taken from the International 
Critial Tables. The vapor pressure points are 
not shown in Fig. 2. Many of the runs were 
followed down the vapor pressure curve and a 
few of the readings are plotted. The points 
belonging to the isenthalps entering from the 
vapor side coincide with the vapor pressure 
curve within the expected error of experiment. 
The points belonging to the isenthalps entering 
from the liquid side fall within a narrow band 
below the vapor pressure curve, their variations 
exceeding the expected error. This may be 
simply the lowering of the boiling point due to 
volatile impurity in the argon, probably the 
known impurity nitrogen. 

The isenthalpic curves entering on the liquid 
side were followed as close to the vapor pressure 
curve as feasible, in order to determine whether 
the isenthalp bends more markedly just before 
it enters. The curves in Fig. 2 show very little 
evidence of any such change of curvature on 
either side of the vapor pressure curve. (Compare 
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air? and carbon dioxide.) This means, for 
example, that the specific heats of liquid and 
vapor show no unusual feature on approaching 
the vapor pressure curve. 

The general picture presented by these isen- 
thalpic curves and the curves of Figs. 3 and 4 is 
exceedingly like that for air':* and increases 
one’s confidence in the applicability of the 
theorem of corresponding states to the Joule- 
Thomson effect. Systematic differences have 
already appeared, but these are surprisingly 
small. 


INVERSION CURVE, 


The lower branch of the inversion curve falls 
within the range of our lowest temperature in 
Fig. 2. The data for it are collected in Table II. 


TaBLe II. Data for the inversion curve. u=0. 


From Fig. 3 From Fig. 4 , 
—{¢ 
20 109 rbo 119.6 
191 119.8 180 122.6 
139 129.5 140 128.3 
91 139.6 100 137.6 
50 148.0 60 146.2 


The points in Fig. 2 marked by two concentric 
circles were read from the curves of Fig. 3. The 
points marked by a cross inscribed in a circle 


* Burnett, Phys. Rev. 22, 590 (1923) (short article) ; 
also Bull. Univ. Wis., Vol. 9, No. 6 (extended article). 


were read from the curves of Fig. 4. The best 
curve through these points is a straight line 
cutting the vapor pressure curve with a marked 
positive slope. There is no evidence of any 
sudden bending. The general trend of the curve 
for air is very similar. The differences of slope 
and curvature may easily fall within the experi- 
mental error. 

It is unfortunate that the apparatus would 
not permit temperatures sufficiently high (esti- 
mated 375° to 450°C) to measure the upper 
branch of the inversion curve. In Fig. 4 the 
curves approach the axis at the high pressure 
end, but their slight slope and remaining curva- 
ture make extrapolation impracticable. 


JouLeE-THOMSON COEFFICIENT, (dt/dp), 


As in the previous papers,':* the numerical 
values of uw are obtained by taking the ratio of 
successive differences of temperature and of 
pressure for each run. These values of uw are 
plotted against the average value of the pres- 
sures to give the set of isenthalpic curves of 
Fig. 3. To avoid crossing and confusion these 
curves are plotted in three groups. Each curve 
was obtained from the original isenthalp desig- 
nated by the same approximate bath tempera- 
ture. 

From these curves the values of uw for a series 
of selected values of pressure were picked off, 
and the temperatures corresponding, to each 
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TABLE III. Final values of u from Fig. 4. 


1 20 60 100 140 190 200 
300°C | 0.0620 0.0580 0.0522 0.0445 0.0375 0.0319 0.0280 
250 | 0.0048 0.0884 0.0770 0.0649 0.0552 0.0477 «0.0475 
200 | 0.1330 0.1235 0.1080 0.0035 0 0.0714 0.0880 
150 | O.1777 0.1655 0.1458 0.1275 0.1115 0.0075 0.0965 
125 | 0.2085 0.1905 0.1677 0.1478 0.1200 0.1126 0.1100 
100 | 0.2340 0.2180 0.1927 0.1715 0.1480 0.1312 0.1260 
75 | 0.2600 0.2530 0.2235 0.1975 0.1678 0.1515 0.1417 
50 O3115 0.2985 0.2507 0.2265 0.1920 0.1704 0.1575 
25 | 0.3500 0.3392 0.3000 0.2585 0.2177 0.1886 0.1728 
© | 04170 03440 0.3498 0.2005 0.2475 0.2048 0.1871 
— 25 | 0.4800 0.4630 0.4120 0.3460 0.2750 0.2155 0.1967 
— | 05765 0.5450 04878 0.3034 0.2000 0.2110 0.1877 
— 75 | 0.6847 0.6450 0.5767 0.4285 0.2528 0.1577 0.1312 
— 87.5 | 0.7525 0.7060 0.6275 0.4020 0.1970 0.1085 
—100 | 0.8335 0.7780 0.6840 0.2970 0.1227 «(0.0592 0.0425 
112.5 | 0.9345 0.8765 0.6675 0.1225 0.0544 0.0230 0.0130 
—125 | 1.0765 1.0155 0.1277 0.0430 «0.0077 —-0.0058 —0.0110 
—137.5 | 1.2080 1.2875 0.0185 0.0000 —0.0195 —0.0315 —0 

—150 | 1.7503 0.0238 —0.0390 —0.0540 —0.0550 

| 2315. 

—170°C | 3.015 


pressure obtained from the isenthalpic curves of 
Figs. 1 and 2. These values of u and ¢ are plotted 
in Fig. 4 as isopiestics. Since the value of yu in 
part of the field changes very slowly, it is 
necessary to shift these curves apart. The scale 
for each curve is indicated. u goes up so rapidly 
for the 1 and 20 atm. isopiestics that the part 
of the diagram below —50°C has been cut off 
and shifted into the space above the main family 
of curves. The largest value of u is here almost 
3°C per atm., and the observed maximum drop 
of temperature across the plug approached 
120°C. The greatest uncertainty in these values 
of w occurs in this unsaturated vapor region 
both on account of the rapid variation of u and 
the difficulty arising from the clogging. Clogging 
was troublesome only over the low pressure part 
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of the isenthalps 0, —25, —50, and —65°C of 
Fig. 2. In the rest of the field the points fall 
with excellent precision upon the curves in both 
Figs. 3 and 4. 

Table III was obtained by reading from the 
curves of Fig. 4, before the fine penciled lines 
were inked, the values of u for a set of selected 
temperatures and pressures. 


Speciric Heat, C, 


The data on the specific heat of argon are 
very limited. Heuse® measured it over the range 
90-300°K. Over this range C, falls linearly by 
5 percent. There appear to be no measurements 
above room temperature. This prevents the 
calculation of the group of thermodynamic 
coefficients such as given in the air and helium 
papers. It is hoped that someone will find occa- 
sion to measure the temperature variation of 
the specific heat of argon and other gases in the 
near future. 

It is a pleasure to acknowledge our indebted- 
ness to the Wisconsin Alumni Research Founda- 
tion for financial assistance providing for relief 
from teaching and for adequate assistance. 

It is a pleasure also to record our thanks to 
the General Electric Company who through 
Mr. B. L. Benbow of the Cleveland Wire Works 
supplied the argon necessary for these measure- 
ments. 


* Heuse, Ann. d. Physik 59, 86 (1919). 
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The Spectra of Potassium, K IV and K V, and of Calcium Ca V and Ca VI 


I. S. Bowen, California Institute of Technology 
(Received September 8, 1934) 


From 19 to 36 new lines each have been identified fh K IV, K V, Ca V and Ca VI. In KIV 
and Ca V these include singlet and intercombination lines. The presence in the nebulae of lines 
due to the forbidden *P —"D transitions in SI, Cl 11, A III, K IV and Ca V is discussed. 


KEFORS! has measured the spectra of In both K IV and Ca V, Ram? classified 30 to 
potassium and calcium in the range below 40 lines each as triplet transitions and in K V 
1050A with a source capable of exciting all noted one quartet multiplet of three lines. 


stages of ionization up to the ninth or tenth. In the course of the present investigation 
1 E. Ekefors, Zeits. f. Physik 71, 53 (1931). ?M. Ram, Ind. J. Phys. 8, 163 (1933). 


Taste I. Classified lines of K IV, K V, Ca V and Ca VI. 


Int. Classification Int. Classification 
Classified lines of K 1V Classified lines of K V 
3 271.820 367891 —Ss 6 294.836 339172 —4s 
2 273.065 366213 —Ss 6 296.169 337645 —4s ‘Py 
1 273.546 365569 —Ss 4S 5 297.064 336628 —4s 4 
2 354.139 282375 —4s 'D 300.252 333084 sp? —4s 
6 354.927 281748 pip —4s 'P 16 300 332775 *Day—4s *D 
3 356.260 280694 —4s 'D 16 311.243 321292 * Dy —4s 
2 360.568 277340 —4s *P: {5 312.770 319724 *Diy —4s 
6 375.955 265989 —4s |4 315.181 317278 tPy —4s 
2 379.279 263658 —3d |3 315.537 316920 stp? *Piy—4s *D 
5 380.477 262828 —3d |2 327.031 305781 tPy —4s *Py 
381.702 261985 —3d Di 327.376 305459 *Piy—4s *Piy 
3 382.487 261447 —4s "Ds |2 328.973 303976 stp) —4s *Py 
—3d 329.307 stp *Py—4s 

382.646 261338 —3d *Di 422.178 236867 *Diy —3d tPy 
6 382.906 261161 —3d 425.159 235206 *Diy —3d 
3 384.956 259770 —3d 'P 7 425.588 234969 *Dy —3d *Py 
3 404.412 247273 —3d |2 452.227 221128 stp? *Py —3d *Py 
2 405.773 246443 —3d "Ds |3 452.900 220799 stp? *Piy —3d *Py 
5 408.076 245052 —3d 'P 1 455.670 219457 sp tPy —3d 
3 417.280 239647 —3d 456.328 219141 stp? *P iy —3d *P yy 

7 580.319 * 172319.0 stp? — spt Py 
Classified lines of Ca V 5 585.510 170791.3 s*p? *Diy —sp**P iy 
3 184.280 542652 stps*P, —Ss *Ps (8 $86.322 170554.8 s*p* "Dy —sp**P iy 
1 184.415 542255 —Ss *Pi 638.668 156575.9 stp? tPy 
2 185,102 540243 —Ss |2 639.982 156254.4 stp *Piy 
1 185.288 539700 stps3P, —Ss 644.963 155047.7 stp iy 
2 185.540 538967 —Ss *P; 
+ 190.363 §25312 —Ss 'P_ |Classified lines of Ca VI 
5 190.457 §25053 —Ss 228.628 437392 —4s 
3 190.558 524775 —Ss *D: 229.734 435286 ‘SS —4s *Py 
3 191.439 522360 —Ss 230.495 433849 —4s *Py 
2 191.480 522248 —S5s Di 232.282 430511 stp tDy—4s Dy 
2 191.801 521374 stpttPs —Ss *D, 232.531 430050 stp? —4s * 
5 196.970 507692 —Ss 0 239.296 417892 *Dy—4s 
2 197.531 506250 —Ss *Dy |7 239.535 417476 *Dy —45 
2 197.648 505950 —Ss 16 240.721 415419 tDy—4s 
6 199.553 $01120 —Ss 3 242.265 412771 stp? —4s Dy 
3 199.890 500275 242.592 412215 *P iy —4s 
5 200.512 498723 stpt*P, —Ss 4S 5 242.631 412148 —4s "Dy 
3 200.860 497859 —Ss 4S 3 249.914 400138 sp tPy —4s 
3 266.863 374724 —4s 'D 250.265 399576 
267.772 373452 —4s 'P 251.465 397670 —4s 
2 268.583 372328 —4s 1D 1 251.816 397115 stp 
2 270.570 369590 —4s "Di 16 339.463 294583 *Dy—3d 
4 271.141 368812 —4s |4 339.940 294170 —3d 
1 271.440 368406 —4s *Pi [4 340.037 *Dy —3d 
280.992 355882 —4s 'D 8 340.528 293662 —3d *D 
2 284.794 351131 —4s "Da 361.234 276829 sop tPy —3d 
286.965 348475 —4s 362.612 275777 stp? *Py —3d 
301.139 332073 —4s 370.022 270254 "Diy —3d 
o 321.609 310937 —3d [5 373.418 267796 *Dy —3d 
6 330.937 302172 —3d 'P 7 373.997 267382 —3d *P, 
4 333.570 299787 —3d 396.055 252490 stp? *Py —3d *Py 
6 334.545 298913 —3d 396.917 251942 sp? tPy—3d 
4 343.640 291002 —3d 399.925 250047 sp tPy —3d 
9 352.915 283354 —3d'P [3 400.824 249486 —3d 
5 356.246 280705 —3d 629.594 158833  — 

2 641.883 155792 —sptPy 

B, blend. 
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TABLE II. Term values of K IV, K V, Ca V and Ca VI. 


Term values of Ca V 


Term values of K 1V 
tpt 0 154664 
277795 1673 135659 45 369959 43847 3d 298204 
45 "Ds 277851 s*p**Po 2324 sp**Po 136453 4s'D 374728 3d 209535 
4s"Ds 277986 s*p*'D 16386 4s*Po 387039 3d 302184 
4s'D 282373 3d *P: 256034 4s 387226 3d "D+ 309834 
4s *Po 293384 3d *P; 257124 4s 387652 3d 310945 
4s 293473 3d 'P 261445 4s 392283 
4s*Ps 293720 3d *Ds 262831 
4s'P 298134 3d *Di 263659 5538 501127 
Ss*Di 524651 
5s 4S 367890 Ss*D2 524770 
§25053 
5s'D §26523 
Ss *Py 542249 
Term values of K V Ss*P2 542650 
5s'P $44143 
3 4 
4s 0 sp**P 136639 | Term values of Ca VI 
4s Py 336628 | 24000 | spt ‘Pi 138042 
4s*Py 337645 24237 sp**Py 138806 
39745 | spt?Piy 194792 =2 
45°P 45526 s2p 4s | 155792 
45°Dy 356993 3d *Pi 259205 4s *Py 433849 | stp?*Diy - 27000 spt 18777 
4s°Diy 357033 3d *Py 260868 45 ‘Py 435286 | s*p?*Dy 27417 spe 158833 
45 °Py 442423 | 45310 | 3d 2Py 294798 
45°Piy 444890 3d 297250 
45°Dy 457458 3d *Dy 321084 
4s°Dy 457525 3d 321584 


plates of these spectra were taken in the region 
below 600A on a grazing incidence spectrograph 
of two meter focus. With the additional lines 
found on these long exposure plates to supple- 
ment the observations of Ekefors, it has been 
possible to make the further identifications of 
lines of K IV, K V, Ca V and Ca VI listed in 
Table I. All terms of these ions that have been 
fixed by either Ram’s or the present identifica- 
tions are given in Table II. 

Since a large part of the K IV and Ca V lines, 
listed in the present paper, are singlet and 
intercombination lines it is now possible to fix 
accurately the relative positions of the 'D and 
’P terms of the ground configuration of these 
ions. Ruedy* has likewise determined the relative 
positions of these terms in S I. Furthermore by 
interpolation between S I and K IV and Ca V 
the relative positions of these terms in Cl IT and 
A III can now be predicted with an uncertainty 
of at most 200 cm~'. The predicted wave-lengths 
of the forbidden transitions from the metastable 
S*p*'D state to the s’p**P states corresponding 
to these relative positions are given in Table ITI. 
The only one of these wave-lengths that corre- 


J. E. Ruedy, Phys. Rev. 44, 757 (1933). 


TABLE III. Forbidden transitions from metastable states. 


Ay (cm™) 
SI 10820. 11306.+ 10 397.4% 5 
8589. 9132.+150 692. + 5 
Alll 7141. 7761.+100 1113. + § 
KIV 6101. 6795.% 5§ 1673. + 8 
CaV 5309. 6086.+ 5 2404. +10 


sponds to an observed nebular line is *P,—'D of 
A III which falls near the strong unidentified line 
at 7135.6A. The decision as to the reality of this 
correlation will depend largely on whether the 
companion *P;—'D line, which should appear at 
7755A, can be found. Nova Pictorist shows 
unidentified lines at the positions of both the 
Ca V forbidden lines. However the ratio between 
the intensities of the two lines is neither constant 
nor at any time equal to the predicted ratio. 
Furthermore the observed lines persist with 
increasing intensity after other forbidden lines 
have disappeared. Since the *P,—'D and *P,—'!D 
are, respectively, the strongest and second 
strongest forbidden lines that these ions emit, 
the failure of these lines to be observed points 
definitely to the low abundance of the ions 
involved. 


*H. Spencer Jones, M. N. R. A. S. 91, 777 (1931), 92 
728 (1932). 
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About 75 lines in the spectra of K VI, K VII, K VIII, K LX, Ca VII and Ca VIII have been 
classified from wave-lengths published by Ekefors. 


KEFORS' has published a wave-length list 

of the vacuum spark spectra of potassium 
and calcium. On the basis of this list Ram? 
attempted an analysis of the spectra in various 
stages of ionization up to and including K VI 
and Ca V. Very recently Bowen* has given a 
rather complete analysis of K IV, K V, Ca V and 
Ca VI. The present work is supplementary to 
Bowen's and gives the identification of 74 lines 
in K VI, K VII, K VIII, K TX, Ca VII and 
Ca VIII. All of the wave-lengths are taken from 
Ekefors’ list. In the single case where Ram's 
analysis overlaps the one here presented, namely 
K VI, there is partial agreement, but in some 


cases the configuration assignments differ. The 
new assignments appear necessary to bring the 
terms into line with the usual regularities of isoelec- 
tronic sequences. None but the lowest member of a 
series was identified in any case, these transitions 
being by far the most intense in all vacuum spark 
spectra. Consequently no data for calculating 
series limits or ionization potentials were obtained. 

The extremely high stages of ionization excited 
in Ekefors’ spark are undoubtedly to be ascribed 
to the powerful excitation equipment used in 
the Upsala Laboratory. 

The results are presented in Table I which is 
self-explanatory. 


TABLE I. 

Int. A(Vac.) ¥ Classification Term values Int. A(Vac.) » Classification Term values 

K VI K 
2 725.309 137872.3 — sp® stp? *Po 0 3 572.791 174583.8 sp*P: sp *Pe 0 
8 724.420 138041.5 — sp* stp? 1131 2 569.480 175598.8 —p*Po sp *Py 905 
2 716.272 139611.8 — sp* stp? 2024 565.1 176955.5 sp *P2 —p?*Ps sp *Ps 3477 
5 715.999 139665.0 — sp? sp? 140743 6 564. 177159.5 176504 
4 710.519 140742.2 stp?*Po — sp* sp? 140796 3 561.594 1780646 sp*Po —p?*P; 178065 
8 623.016 160509.5 — sp? sp? 140966 1 557.029 179523.9 sp*P, —p?*Ps «180431 
6 616.136 162301.8 — sp? sp? 163434 
3 611.862 163435.6 — sp* *P sp? 3S, 218316 ||K IX 

10 464.270 215391.9 — sp? s*p3d*P2 252332 3 636.300 1571586 p s 0 
8 460.438 217184.5 — sp* stp3d*P, 253504 § 621.422 160921.2 p Py 157159 
7 458.048 218317.7 — 4S, s*p3d*Po 254043 *Piy 160921 
400.951 249407.0 —stp3d*P2 stp4s 387421 
2 399.073 250580.7 s*p?4P2 —stp3d stp4s*P, 388114 VII 
4 398.087 251201.4 stp?*P, stp4s 390493 6 551.448 181340.8 s*p?*P. — sp? stp? 0 
4 396.235 252375.5 s*p?*P, —s*p3d 3 544.132 183778.9 — sp? stp? 1629 
5 395.395 252911.6 s*p?*P, —s*p3d*Po 2 539.382 185397.4 — sp* *P stp? *Ps 4070 
3 394.477 253500.2 —st*p3d 12 414.663 241159.7 s*pt*Ps — sp® sp) 185405 
2 259.609 385195 —stp4s 5 410.499 243606.0 s*p?*P, — sp* 4S, sp? *S, 245232 
3 258.873 386290 —stpds *Po 4 407.776 245232.7 s*p?*Pe — sp® s*p3d*P: 286232 
1 258.411 386980 stp?3P, —stpds 4 354.404 282163.9 —s*p3d*Ps s*p3d*P, 288169 
4 258.018 387570 2 351.996 284094.1 stp?*Ps —stp3d *P; s*p3d*P_ 289013 
2 257.657 388113 —st*p4s *Pi 3 351.368 284601.8 —st*p3d *Ps 
3 256.831 389361 —s*p4s 1 348.996 286536 s*p?*P, —st*p3d 

3 347.967 287384 stp? —s*p3d *Pe 

Kvu 4 347.005 288180 stp?*Po —s*p3d 
671.504 148919.5 s%*p*Piy— sp? Doublets 
3 658.406 151882.0 s*p2*Py — sp? stp *Py | Ca VIII 
4 526.448 189952.3 s*p*Piy— sp? stp *Py 3129 4 596.944 167519.9 s*p*Piy—sp?*Dy Doublets 
2 524.639 190607.3 sp?4Py— p? sp? *Diy 151882 4 582.844 171572.5 s*p*Py —sp?*Dy stp *Py 0 
517.928 193077.0 s*p*Py — sp? *Sy sp? *Dy 152048 3 471.180 212233.1 sp?*Py— p sp 4305 
1 516.853 193478.6 sp?*Py — p Sy sp? 2S 193079 3 471.067 212284.0  s*p *Piy —sp? *Sy sp?*Diy 171872 
6 491.702 203375.2 s*p*Piy— sp? *Py sp? *Py 206507 2 465.990 214596.9 pr sp?*Dy 171825 
8 487.080 205305.1 s*p*Piy— sp? sp? *Piy 208434 3 462.587 216175.6 sp?*Py — sp?*Sy 216590 
5 484.241 2065088 s*p?Py — sp? *Py st4s 439297 5 461.700 216590.9 s*p*Py —sp?*S sp?*Py 231012 
5 479.768 208434.1 s*p*Py — sp? *Py Quartets S 441.095 226708.5 s*p*Piy—sp?*Py sp?*Piy 233583 
2 229.268 436171 —st4s 2Sy sp? *Py 6 436.152 229277.9 s*p*Piy—sp?*Piy sd*Diy 282361 
2 227.638 439204 s*p*Py —st4s *Sy sp? 1150 6 432.880 231010.9 s*p*Py —spt*Py std 282574 
1 222.434 449572 sp? —sp4s *Py sp? 2871 6 428.112 233583.7 s*p*Py —sp?*Py Quartets 

0 222.139 450169 sp? —spa 4Sy 193479 2 359.640 278055.8 s*p*Piy—sd Dy 0 
1 221.481 451506 sp? —sp4s sp4s*Py 451319 359.364 278269.4 sp? *Py 1579 
© 221.023 452442 sp?4Py —sp4s*Py spas*Piy 452442 4 354.156 2823615 s*p*Py Dy 
0 220.640 453227 sp? —sp4s sp4s*Py 454377 4Siy 216176 


* National Research Fellow. 
' E. Ekefors, Zeits. f. Physik 71, 53 (1931). 
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An Indeterminacy Relation for Several Observables and Its Classical Interpretation 


H. P. Ropertson, Princeton University 
(Received September 10, 1934) 


An examination of the limitations placed by the con+ 
ceptual structure of quantum mechanics on the simul- 
taneous measurement of two or more observables leads, 
for the case of an even number m= 2k of observables, to a 
quantitative estimate, depending only on the mean values 
of their commutators in the state in question, of the least 
value which the product of their m uncertainties may 


assume. This indeterminacy relation is interpreted classi- 
cally to mean that, by measurement of these observables 
alone, a point (p, q) in phase space can be determined only 
to within a certain channel whose normal cross section, as 
measured by the value of the &th integral invariant taken 
over it, must be at least of order h*. 


1. INTRODUCTION 


ERHAPS the most revolutionary and far- 
reaching consequence of quantum mechanics 

is the surrender which it entails of strict de- 
terminacy as a fundamental physical principle. 
That the limitations on determinacy thus imposed 
are in some measure susceptible of quantitative 
expression was first recognized by Heisenberg 
and by Bohr,' who showed from general con- 
siderations that the product of the uncertainties 
in the measurements of two canonically con- 
jugate observables, such as p and g, must be at 
least of the order of Planck’s constant h. The 
familiar precise form Ap: Aqg=h/4x of this in- 
determinacy relation for any two canonically 
conjugate observables, in which their uncer- 
tainties are measured by their standard deviations 
(root-mean-squares of deviations from the means) 
in the state under examination, was obtained by 
Kennard? within the framework of quantum 
mechanics, thus showing that it is inherent in 
the fundamental postulates underlying the sub- 
ject. The extension of this result to any two 
classical observables (i.e., functions of p;, ¢') 
was given by Robertson,’ who showed that the 
product of their uncertainties is limited on 
the lower side by the mean value of their 
commutator in the state in question. Finally, 
the corresponding result for general systems was 
derived by Robertson and by Schrédinger,‘ and 
at the same time made more restrictive by the 
introduction of an additional term depending on 

'W. Heisenberg, Zeits. f. Physik 43, 172 (1927); N. 
Bohr, Nature 121, 580 (1928). 

*E. H. Kennard, Zeits. f. Physik 44, 326 (1927). 

+H. P. Robertson, Phys. Rev. 34, 163 (1929). 


*H. P. Robertson, Phys. Rev. 35, 667A (1930); E. 
Schrédinger, Sitzungsber. preuss. Akad. Wiss. 1930, 296. 


the mean value of the anti-commutator of the 
two observables. 

Now since the commutator of two observables 
is the quantum-mechanical analogue of their 
classical Poisson bracket, these formulations 
suggest the possibility of obtaining a classical 
interpretation of the uncertainty principle, at 
least insofar as it involves the commutator. 
The present writer was in fact able to show 
that it implied that the first integral invariant 
I, = SX p.dq‘ taken over an appropriately chosen 
surface in phase space, is at least of order h; 
since the methods employed in the (as yet un- 
published) proof of this result are of importance 
for the present work, the derivation is given in 
the latter part of Section 2 below. 

All of the above investigations have been con- 
cerned with the uncertainty in the simultaneous 
measurement of two observables. However, it is 
clear that the measurement of more than two 
observables must in general be subject to more 
severe limitations than those imposed by the 
above on each pair taken separately, for we 
cannot in general expect that the conditions 
necessary to insure minimum uncertainty in one 
pair will be consistent with those which insure 
the minimum in other pairs. This suggests the 
existence of an indeterminacy relation involving 
at once the uncertainties of all observables under 
consideration. In the first part of Section 2 
below we prepare the way for the derivation of 
such a relation by presenting a proof of the 
known inequalities for two observables in a form 
susceptible of extension to the general case. 
This extension is given in Section 3, where in 
particular it is shown that the product of the un- 
certainties of an even number of observables 
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cannot be less than a certain positive function of 
their commutators. On taking into account the 
correspondence between commutator and Pois- 
son bracket this result leads, in Section 4, to a 
classical interpretation involving the higher 
integral invariants of phase space. 


2. INDETERMINACY RELATION FOR Two OBSERV- 
ABLES AND Its CLASSICAL INTERPRETATION 


We begin with a derivation of the uncertainty 
relation for two real observables a, (r=1, 2) in 
a given state ¥, adopting in general the notation 
and conventions of Dirac.’ For convenience we 
introduce in place of a, the two new (real) 
observables 


8,=a,—a,, where a,=¢a,y (2.1) 


is the mean value of a, in the state specified by 
¥ or its conjugate ¢; the mean value of 8, in 
this state is then zero. Now let x, be two arbitrary 
complex numbers, and consider the scalar square 
of the composite state }-(r)x,8,~; this (nu- 
merical) quantity may be written 


(2.2) 


where Z, is the conjugate complex of x, and 
BY = (B,B.)o, (2.3) 


the subscript zero denoting, here and in all 
quantum-mechanical formulae in the following, 
mean value in the state ¥. The form W is 
Hermitian, for y,,=¥.,, and by the fundamental 
postulates of quantum mechanics it cannot 
assume negative values. Furthermore WV can 
vanish only if 8:¥, Bey are linearly dependent; 
hence for simplicity of expression we shall 
assume during the course of the work that these 
two states are linearly independent, and at the 
end modify the result to take account of the 
exceptional case. 


*P. A.M. Dirac, The Principles of Quantum Mechanics, 
(Oxford, 1930). It is to be noted that in adopting this 
viewpoint care must be taken to avoid the employment of 
a state ¥ which is a characteristic vector corresponding 
to a point in the continuous spectrum of any of the opera- 
tors a, for the formal evaluation of the mean value in 
such a state of the commutator of @ with any other 
observable leads to the value zero—contrary to the fact 
that, for example, the mean value of the commutator of 
fp and g in any state whatever must be 4/271. 


We may, then, take the Hermitian form V as 
positive-definite;* it can assume only positive 
values unless all x, vanish. Expressed in terms 
of its real and imaginary parts £,, and 7,,, the 
matrix element y,, is 


Vre = = 4(8,8.+8.B,)o = Ser, (2 4) 
B.B,)o hila,, a, jo = — Nery 


where [a,, a, ] is the commutator a,a,—a,a, of 
a,, a, and the subscript zero again denotes mean 
value in the state ¥. Note that the diagonal 
element 


= Err = = (Aay)? (>0) (2.5) 


is the square of the standard derivation Aa, of 
the observable a, in the state ¥, which is to be 
taken as a measure of the indeterminacy of a, in 
this state; this essentially positive quantity can 
vanish only if ¥ is a characteristic vector of a,, 
a possibility which we discard for the moment as 
being included under the case of linear de- 
pendence, for we should then have 8,y=0 (cf. 
also footnote 5). 

The necessary and sufficient condition, in 
addition to the inequalities implied in (2.5), 
that the form ¥ be positive-definite is that 


det (¥,.) =Virve2— | |? >0 (2.6) 
or, on employing (2.4) and (2.5), we may write 
(Aa,- Aare)? = (Bi 82) 0(8281)0, (2.7) 


where equality can hold only if the 8, are 
linearly dependent. This is the final form of the 
uncertainty principle for two observables men- 
tioned in the preceding section‘; on noting that 
the right-hand side is equal to £1:*+..* and 
dropping the first of these essentially positive 
quantities, we obtain the weaker form* 


a, ae (2.8) 


This latter, more readily interpreted, form is the 
one with which we shall be concerned in the re- 
mainder of this section. 

We turn now to the discussion of the classical 
analogue of (2.8), returning in the next section 


*For the terminology and results here em in 
dealing with quadratic or Hermitian forms see, for ex- 
ample, L. E. Dickson, Modern Algebraic Theories, Chap. 
IV (Chicago, 1930), or B. L. van der Waerden, Moderne 
Algebra I1, Chap. XV (Berlin, 1931). ” 
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to the quantum-mechanical problem for more 
than two observables. If the mechanical system 
under consideration has but one degree of 
freedom, it seems evident that (2.8) must be 
interpretable in terms of area in the 2-dimen- 
sional phase space of p and q; indeed, on applying 
it to the canonically conjugate observables p, q 
themselves, the relation Ap- Aqg=h/47 is, as has 
often been noted, to be interpreted as implying 
that the position of a point in phase space can 
be specified only to within a rectangle whose 
area is of order fh. But instead of following 
through this simplest case for arbitrary functions 
of p, gq we turn immediately to the general case 
of n degrees of freedom, and ask what quantity 
is there the analogue of area. The answer is 
clearly the first integral invariant 


(2.9) 


i=l 


and we should therefore look for an interpreta- 
tion involving it, where the integration is to be 
taken over some 2-dimensional region invari- 
antively associated with the observables a,(p, q). 

Suppose, then, we attempt to locate a point 
P(p, q) in phase space in such a way that the 
values at P of two functionally independent ob- 
servables a,(p, q) differ from some given mean 
values a, by not more than an amount of 
absolute value éa,. Assuming sufficient regu- 
larity of the functions in the portion of phase 
space under consideration, the situation can be 
described as follows (cf. Fig. 1, illustrating one 
quadrant of the region here of interest). The 


a,7a,*da, 


Fic. 1. Quadrant of normal cross section of channel in 
se space. 


point P must lie within the channel formed by 
the four hyper-surfaces a,(p, g)=a,+éa,; in 
order to obtain a measure of the region over 
which P can vary laterally we compute J; over 
some appropriately chosen cross section of this 
channel. Now there exists at any point A(po, go) 
lying on the ‘“‘center’’ of the channel, defined as 
the intersection of the surfaces a,(p, g)=a,, a 
unique direction associated with each of func- 
tions a; namely, the ‘‘normal’’ at A to the 
surface a(p, g) =a. This normal is described as 
the locus of a point whose (p;, g‘) coordinates 
relative to A are 


Aa’), where a;=[da/dg*]o, 
[da/Adp, 


\ is a parameter specifying the position of the 
point along the normal, and the subscript zero 
here denotes evaluation at A.? We now choose 
as the cross section of the channel, over which 
I, is to be evaluated, that plane cross section 
spanned by the two normals at A to the two 
surfaces a,(p, g)=a,; its equation in terms of 
parameters is therefore 


Pi=pi—LN ari, gi=qo'+ DL a,'. (2.11) 


(2.10) 


Before proceeding to the evaluation of the 
integral J; we remark that this normal cross 
section of the channel is unique in the sense 
that of all plane cross sections it, and it alone, 
renders the integral an extremum; in order not 
to interrupt the present development we relegate 
the proof of this interesting result to Note B 
below. 

In order to evaluate 7; we must first determine 
the range of the parameters \". Let A," denote 
the parameters of the point A; in which the 2- 
spread (2.11) cuts the intersection of the bound- 
ing surfaces a,;=a,+4a;, ag=a2; we must then 
have 


ar(pio- ar, go'+ =a,+ 


(2.12) 
a2(Pio— ari, + LAr’ a,*) 


7It may at first appear strange that the direction of 
this “‘normal” lies in the surface, as to terms of first 
order in A, a(pio—dai, go'+Aa')=0. But it is to be re- 
membered that the geometry of phase space is based on 
the bilinear concomitant of the two 
displacements d, 5; hence every displacement is “‘or- 


thogonal” to itself! That the normal lies in the surface is 
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On expanding these functions a, about the 
point A, and retaining only terms of first order 
in the \,’, we find 


A: =5a;/(a1, a2)o, (2.13) 
where 
hed Oa, dae da, Jae 
(a, ae) — (= (2.14) 
m1 Op; dpi 
is the Poisson bracket formed from a;, a: and 
the subscript zero indicates, as usual, evaluation 
at A. That i,’ vanishes to within terms of 
second order in the da; is of course immediately 
attributable to the fact that the normal to the 
surface a:=d-: is tangent to the surface itself. 
Similarly the parameters \2” of A», the point of 
intersection of (2.11), a:=a; and a:=a2+ daz, 
are found to be 


ba2/(a, 2) 0, =0. (2.13’) 


I, now becomes, in terms of the integration 
variables 


I,=4 ——d\'dr*, (2.15 
J fx 


where the ,, g‘ in the Jacobian are defined as 
linear functions of \" by (2.11), and we have 
made use of the fact that to within terms of 
higher order in 6a, the entire integral is the four- 
fold of the integral over the parallelogram de- 
fined by the three vertices A, A; and A». But 
the value of the sum of the Jacobians occurring 
in (2.15) is found to be — (a1, a2)o, whence 


qT; = a2)o; (2.16) 


it is convenient, for comparison with the quan- 
tum-mechanical result (2.8), to write this clas- 
sical one in the form 


6a dae =}! (ax, | (2.17) 


in terms of absolute values. 

We digress for the moment to indicate an 
illuminating alternative approach to Eq. (2.17), 
which in effect reduces the problem for any two 
observables a, (whose Poisson bracket does not 
vanish at A) to that for two canonically con- 
jugate ones. From this viewpoint we would 


but an expression of the familiar fact that, on employin 
a(p, g) as the Hamiltonian function, a =const. is an int 
of the canonical equations. 


first set up a linear canonical transformation T : 
(p, which has as its (f:, @')-plane 
the plane through A normal to the channel; 
the equations (2.11) of this plane may, on 
writing \'=ag', \?=bp, where ab=1/(a1, a2)o, 
be most significantly interpreted as defining the 
correspondence induced in it by T. But to the 
degree of approximation employed in the above 
we have on the cross section 


a; a2) =d2—a(ai, a2) (2.18) 


from which we obtain immediately the previous 
result (2.17) on noting that in the new coordi- 
nates the integral invariant 

In making this comparison between (2.17) 
and (2.8) two points must be considered: first, 
the relationship between the Poisson bracket 
(a1, a2) at A and the mean value of the com- 
mutator [a@:, a2]; secondly, the relationship 
between the sharp classical limits da, and the 
quantum-mechanical uncertainties Aa,. The first 
point is easily settled; if a, on the left is the 
classical observable corresponding to the quan- 
tum-mechanical observable a, on the right, then 
(a1, ae ],* and since to the 
approximation employed (a1, a2)o is the mean 
value of the Poisson bracket over the cross 
section, we may set 


(a, a2)o= (2 ae jo. (2.19) 


The second point is somewhat more trouble- 
some; we return for the moment to the simple 
case in order to examine it. Our 
procedure above seems most reasonably in- 
terpreted as being based on the assumption that 
all points within the rectangle 
have the same a priori probability, whereas 
those outside have zero probability ; the standard 
deviations of p, are then Ap=6p/3', Ag 
= 6q/3', whence ApAg = | J,| /4-3. Now the older 
quantum theory considered phase space as 
divided up into cells of area h, and we should 
therefore like to be able to conclude that the un- 
certainty principle ApAg=h/4xr could be in- 
terpreted precise’y as stating that it is impossible 
to determine the location of a point (p, g) to 
within an area |J,|=h; this would demand, 


* Reference 5, p. 96. 
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however, the relations Ap=5p/!, 
and it is not generally held that x=3!* We dis- 
miss the whole quibble by taking the relation 
between the 6 and A for any observable a in 


the form 
(2.20) 


= (pr)'Aa, 
where p is a factor of proportionality which our 
procedure seems to assign the value 3/7, but 
which leads to a somewhat more satisfying 
interpretation if, leaning on the older form of 
quantum theory, it is given the value 1. 

We are now in a position to give a precise 
classical interpretation of the indeterminacy re- 
lation (2.8), for on eliminating Aa, Aa: and 
with the aid of (2.20), (2.19) and 


(2.17) we find 
(2.21) 


> ph. 
This highly significant inequality may now be 
interpreted as follows: Whereas purely classically 
the simultaneous measurement of two observ- 
ables a, may in theory be so performed as to 
constrain the representative point in phase space 
of lie on the intersection of a, =a,, the quantum- 
mechanical uncertainty principle asserts that 
such observations can at most constrain the 
representative point to lie within a channel 
about a,=a,, whose normal cross section, as 
measured by the value of the first integral in- 
variant J, taken over it, is of order h. 


3. INDETERMINACY RELATION FOR SEVERAL 
OBSERVABLES 


We consider now the extension of the relations 
obtained in the previous section for two ob- 
servables to the case of m observables «, (r =1, 2, 
+++, m). For a given state y we may define 
8,=a,—a, as in (2.1) and construct the m-ary 
Hermitian form W, Eq. (2.2), in which the 
indices r, s now run through the extended range. 
This form, whose coefficients are given by (2.3), 
is positive-definite unless there exists a linear 
dependence between the states 8,y—a possi- 
bility which we again exclude for the moment. 

Now the most restrictive inequalities which we 
can hope to obtain on the present line of attack 


* See, however, W. W. R. Ball, Mathematical Recreations 
and Essays, p. 297 (London, 1914), for references to 
weighty empirical evidence to the contrary! 
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are clearly those which state that WV is positive- 
definite—i.e., that its determinant, together with 
the m—1 determinants obtained from it by 
dropping out successively the last m—1 rows 
and columns, be positive. These conditions do 
yield immediately inequalities of the form 


Aan’)? > Vre], (3.1) 


where r, s=1, 2, --- m’, m’=1, 2, m, 
is a (positive) multinomial of degree m’—2 in 
the (Aa,)*. However, these results as they stand 
seem to hold little interest because of the rather 
unmanageable multinomials, and so although 
some useful information concerning the product 
of the m uncertainties can be obtained from the 
inequality for m’=m by a judicious use of the 
remaining ones, we prefer to seek the (assuredly 
weaker) classically interpretable extension of 
(2.8) by a less direct attack. 

Our modified objective is to obtain from the 
form W an inequality which asserts that the 
product of all m uncertainties is greater than 
some positive function of the mean values 
[a@,, @, of the commutators alone, i.e., of the 
imaginary parts 7,, of the elements y,,. As 
the first step toward its attainment we take 
note of an inequality which will eventually 
enable us to eliminate the real parts £,, of the off- 
diagonal elements: by applying to the positive 
definite form 


Fs) = Xs, (3.2) 


a theorem of Hadamard’® which states that the 
product of the diagonal elements of a positive- 
definite quadratic or Hermitian form is not less 
than its determinant, we obtain the inequality 


(Aa: Mag: + Aa,,)?=det (£5); (3.3) 


equality holds here only if all off-diagonal ele- 
ments vanish. This reduces our problem to that 
of showing that the determinant of the real 
parts £,, of the coefficients of the positive- 
definite Hermitian form W is greater than some 
positive function of the imaginary parts 7,.. 
Now in case m= 2k is even the determinant of 
the antisymmetric elements is the square of the 


For an element proof of this theorem see O. 
Sz4sz, Math. u. Naturwiss. Ber. aus Ungarn 27, 172 (1909). 
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Pfaffian function" 


where the indices (r:, fm) represent a 
permutation of (1, 2, ---, m) with p derange- 
ments and the sum is extended over the 1-3-5 

--(m—1) distinct products. And it can in fact 
be shown that under our conditions 


det (£,.) >det (m.) (=f), (3.5) 


equality setting in only if the matrix of ¥ is of 
rank k; if m is odd this relation is of course 
trivial, as then det (»,,) =0, but as we shall see 
in the sequel we may expect a classical inter- 
pretation along the lines initiated in Section 2 
above only for even m. I have not been able to 
find this lemma (3.5) in the literature, and have 
therefore presented a simple proof of it in Note A 
below. 

On combining the two inequalities (3.3) and 
(3.5) thus won, we obtain the desired extension 
of (2.8) to the case of any even number m = 2k of 
real observables a,: 


May: =(1/2*) a, Jo) | (3.6) 


where equality holds non-trivially only if all 
t,, (rs) vanish and there exist exactly & linear 
dependences between the states 8,y. This result 
is of little interest unless the rank of the 
matrix ([a@,, is m, as otherwise ff, =0; 
note that in particular this trivial case arises in 
any state y whatever if there exists between the 
a, a relation of the form 

xra, =a, (3.7) 
where a is an observable which commutes with 
all a, However, for k>1, a functional de- 
pendence between the operators a, does not 
suffice to make ff, vanish ; we shall have occasion 
to return to this point in the sequel. 

It is of some interest to compare this result 
with the best inequality which can be obtained 
by the repeated application of (2.8) above. 
Consider the product Aa;: Aag: Aaa, as broken 
up in any way into the product of k pairs of 
uncertainties; corresponding to this resolution 


"See, for example, G. Kowalewski, Einfahrung in die 
Determinantentheorie, p. 149 (Leipsig, 1909). 


there is exactly one term in ff;, in the sense that 
it is the product of the k commutators of the 
observables in each pair. Hence by applying 
(2.8) to each of these pairs we may conclude 
that the entire product Aa;:--Aay, is not less 
than 1/2* times the absolute value of any term 
in f',—and so, in particular, (2.8) alone implies 
the inequality obtained from (3.6) on dividing 
the right-hand side by the number 1-3-5 
--(m—1) of distinet terms in f/,. 


4. CLASSICAL INTERPRETATION OF INDETER- 
MINACY RELATION FOR SEVERAL 
OBSERVABLES 


Just as in the above we surmised that the un- 
certainty principle for two observables should 
find its classical interpretation in terms of the 
first integral invariant taken over an appropri- 
ately chosen 2-dimensional surface in phase 
space, so in the general case of m = 2k observables 
we may expect the classical analogue to involve 
the kth integral invariant 


taken over some m-dimensional surface in- 
variantively associated with the m classical ob- 
servables a,(p, g). We have here divided by &! in 
order to avoid the duplication of integrands in 
the sum corresponding to permutations of the 
indices t2, can of course not 
exceed m, the number of degrees of freedom of 
the classical system, and the integral of maximum 
order 


f f dar (4.2) 


is the Liouville measure of volume in phase 
space. 

The development for m=2 given in Section 2 
clearly points the way in which the present 
extension is to be effected. On assuming func- 
tional independence of the m observables a, and 
sufficient regularity to insure the construction, 
we choose any point A(po, go) on the inter- 
section of the m hyper-surfaces a,(p, g) =a, and 
evaluate the integral 7, over the normal plane 
cross section through A of the channel formed 
by the 2m surfaces a,(p, g)=a,+6a,. This 
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normal plane is again defined by (2.11), in which 
the summation index r now runs from 1 to m; 
here we remark that the J; so defined is again 
an extremum (cf. Note B). In order to determine 
the range of the m parameters \’, denote by 
de’ the parameters of the point A; in which the 
m-spread (2.11) cuts the intersection of the sur- 
faces a, +++, =Am. These 
parameter values are defined implicitly in terms 
of the 6a, by 


where 6,,=1 if s=¢, 0 otherwise; retaining only 
terms of first order these conditions yield 

ctr) ode! = (4.4) 
We shall in the following need only the value of 


the determinant of the \,"; on evaluating the de- 
terminant of both sides of this equation we find 


where we have made use of the fact that the 
determinant of the antisymmetric (a,, a,)o is 
the square of their Pfaffian function, defined by 
equation (3.4). 

In terms of the integration parameters \" 


1 ty flees, a 
(4.6) 


where the ~,, g‘ are the linear functions of \" 
defined by (2.11). The integrand is the sum 


— 
(4.7) 
day 


and on expanding these Jacobian determinants 
by columns of 2-rowed minors” we find as the 
value of the sum ( —1)*k!fi[(a,, aso]; hence 


# Cf. reference 11, p. 38. 
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Now in the approximation here employed the 
volume of the entire \-region is 2” times the 
volume of the parallelopidon whose m defining 
vertices A, adjacent to the vertex at the origin 
have the \-coordinates AZ, Av"); but 
this latter is measured by the determinant of 
the d,", whose value is given by (4.5). Hence 


1)*-2™- da;- bam/ (ar, (4.9) 


or, on taking absolute values and writing in a 
form suggesting comparison with (3.6), 


6a," bao: + 
=(1/2**)- | fil (ar, (4.10) 


Before proceeding to the interpretation of this 
result in the light of (3.6), we note the at first 
apparently discordant fact that whereas this 
classical construction fails if the observables a, 
are even functionally dependent, the quantum- 
mechanical result is trivial only if there exists a 
linear dependence among their commutators. 
But our procedure in this section has been to 
retain only the zero and first order terms in 
the expansion of the functions a,, and hence a 
functional dependence is for our purposes equiva- 
lent to a linear dependence of the form (3.7) 
which suffices to render the quantum result 
trivial. 

On expressing the éa,, (a,, a,)o in terms of the 
Aa,, [a@r, a, lo by means of (2.20), (2.19) and com- 
paring this classical result with the quantum 
indeterminacy relation, we find 


| =(ph)*. (4.11) 


This leads for k=m to the familiar notion that 
the least physically significant volume in phase 
space is of order h*. For k<n it is to be inter- 
preted as asserting that the simultaneous ob- 
servation of 2k dynamical variables a, can at 
most constrain the representative point in phase 
space to lie within a channel, about the inter- 
section of the surfaces a,=const., whose normal 
cross section is of order h*. 


- 
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A. PROOF OF AN INEQUALITY 


We append here a proof of the lemma employed in 
Section 3: If ¥: is a positive-definite Hermitian 
form, then 

det >det (nr), (A.1) 


where = and = — mr) are the real and imaginary 
parts of y,,, the indices r, s assuming the values 1, 2, ---, 
m= 2k. 
Under these conditions 

are both Hermitian forms, the former of which is itself 
positive-definite, as shown by Eq. (3.2) above. Hence there 
exists an affine transformation T: x+y, which simul- 


taneously transforms = into the unit Hermitian form and 
H into diagonal form:'* 


Z: Zly,l*, H: (A.2) 
poi 


The (real) numbers \, are the m=2k roots of the secular 
equation |Af-.—in-s|=0. On interchanging rows and 
columns, and taking into account the symmetry properties 
of the £,, and this determinant becomes | +1. | =0; 
hence only even powers of \ occur in its expansion 


| Era] AM + +(—1)*| mre! =O. (A.3) 
The 2k real roots A, are therefore equal and opposite in 
pairs, and their product is (—1)*| mrs! /| |. On renumber- 
ing the yp, we may take A,>0, Aqet=—AQ, (a=1, 2, 
+++, k), and the original form ¥==+H becomes 


(AA) 


Since ¥ is assumed positive-definite each \, <1, and from 
the above the product of all \,, multiplied by (—1)*, is 


| v0 | / | Ere! = <1; 


hence |£,.| > |-.|, q.e.d. Note that if we weaken the 
original assumption that © is positive-definite to ¥=0 
for x,#0, then |£,.|!=!n.!, where equality can set in 
only if the matrix (y¥,,) is of rank k. 


B. EXTREMAL PROPERTY OF /, 


We here show that the integral J, defined as in Section 4, 
ie., over the normal cross section (2.11) of the channel 
a(p, g)=a,+4a,, is an extremum as compared with any 
other plane cross section through A. This we accomplish 
by evaluating the integral over the cross section spanned 


7 _ for example, B. L. van der Waerden, reference 6, 


p. 


Notes 


by m arbitrary vectors (—+,:, y-*) through A and showing 
that the conditions 


(B.1) 


for an extremum lead to the previous definition. 
Take, then, as the new m-spread 


Pi=pPio— UN yi, = + (B.2) 
ri 


On evaluating the integral J, over this cross section— 
omitting here the steps involved, as they are completely 
analogous to those involved in the derivation of Eqs. 
(4.3)-(4.9) above—we find it to be 


(B.3) 
where C, A are the determinants whose elements are 


Cot = Gat = (B.A) 


respectively, and we have made use of the fact that because 
of the skew-symmetry of we may write =(C)!. 
The condition for the vanishing of the derivative of J, with 
respect to any of its arguments y may now be written 


(0/dy) log C—2(8/d7) log A =0. (B.5) 


On defining c*', a* as the normalized cofactor (cofactor 
divided by determinant) of c+, a.. in C, A, respectively, 
and applying the usual rule for the differentiation of a 
determinant, the conditions (B.1) for an extremum be- 
come 


where y represents the 2mn arguments 7,', y;. On sub- 
stituting the values of c,:, @.; from (B.4) these conditions 
become 

2 — 0" xs) =0, = 0. (B.7) 


But these imply, on multiplication by c,, and summation 
with respect to r, that the vectors (— ri, y-*) which render 
I, an extremum are obtained from the m vectors (— a,*) 
by the non-singular linear transformation whose matrix is 
( 2¢c-:a**), and therefore also define the normal cross 
section employed in Sections 2 and 4, q.e.d. 

It is to be observed that we have only shown that our 
definition leads to an extremum; this is in fact about all of 
interest here that can be shown. We cannot, for example, 
conclude that this extremum is a minimum, although we 
can make the invariantive statement that it is less in 
absolute value than the integral over the “Euclidean” 
normal cross section spanned by the “vectors” (da/dp;, 
da/dg*), even though this latter is not invariant under 
canonical transformations. 
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The Nuclear Magnetic Moment of Caesium from the Polarization of Resonance 
Radiation 
N. P. HevpensurG,* Department of Physics, New York University, University Heights 
(Received September 4, 1934) 


Measurements on the polarization of resonance radiation 
in a magnetic field have been used to obtain the hyperfine 
separation constants of the 6*P and 7 levels of 
caesium I. For a nuclear spin of 7/2 the hyperfine separation 
constant is cm™ for the level and 
4.86X10~* cm™ for the 7 level. From these values 
the nuclear magnetic moment is calculated as 2.40/1840 


and 2.41/1840 Bohr magnetons, respectively. These agree 
well with the value 2.52/1840 obtained from the splitting 
of the lower 6 *S,,2 level. The theoretical and experimental 
curves for the polarization as a function of the magnetic 
field agree within experimental error when the shape of 
the exciting line in the source is taken into account. 


INTRODUCTION AND THEORY 


ROM an interval rule analysis of a large 

number of energy levels of the spark spectrum 
of caesium Kopfermann! has given J =7/2 as the 
most probable value for its nuclear spin. More 
recently Jackson? has confirmed this value in 
his work on the second doublet lines of the arc 
spectrum, AA4555A and 4593A. His determina- 
tion was based on a study of the intensity ratio of 
the two hyperfine components into which each 
of these lines are split due to the splitting of the 
ground level 6?S;/.. From the measured splitting 
of this lower level and the value of the nuclear 
spin the g(J) value for the nucleus can be calcu- 
lated. It is of interest to compare the g(J) calcu- 
lated from this state with the values obtained 
from other states. With the exception of the 
6*P1,2 state for which a hyperfine separation has 
now been observed by Granath and Stranathan* 
the hyperfine splitting of the other states of the 
arc spectrum are too small to be resolved directly. 
It has been possible however to obtain the separa- 
tion constants for both the 6*P 3,2. and the 7 
levels indirectly by measuring the polarization 
of resonance radiation of the lines involving 
these levels in a magnetic field. This method has 
already been applied successfully to the 6'P, 
level of cadmium‘ and the 3?P3,. and 4?P32 
levels of sodium.® 


* National Research Fellow. 

Zeits. f. Physik 73, 437 (1932). 

? DD. A. Jackson, Proc. Roy. Soc. A143, 455 (1934). 
*L. 8) nath and R. K. Stranathan, Phys. Rev. 46, 


Phys. Rev. 43, 640 (1933). Here- 
after to be referred to as Part I. 

*Ellett and N. P. ee: Phys. Rev. 46, 583 
(1934)—Part II. L. Larrick, Phys. ion 4 40, 1041 (1932). 


The theory of this method of determining 
small separations has been discussed in detail in 
Parts I and II. That it is possible to determine 
small hyperfine separations by measuring the 
polarization of resonance radiation in a magnetic 
field depends on the fact that the upper hyper- 


fine levels involved in the resonance line undergo - 


a Paschen-Back effect, and that the intensities 
of the Zeeman components which determine the 
polarization depend on the applied magnetic 
field through the variable w=g¢(J)eH/2mcA; 
where A is the hyperfine separation constant of 
the upper levels. After calculating a theoretical 
curve of the polarization as a function of the 
magnetic field the value of A may be determined 
by fitting this curve to the experimental results, 
since A is the only variable parameter remaining 
in the function w. 

The theoretical polarization curves for nu- 
clear spins of 3/2, 5/2, and 7/2 have been plotted 
in Fig. 1. The curve for J=5/2 was calculated 
by Ellett and Kellogg.* The abscissa for each 
has been so adjusted that the total splitting of the 
upper hyperfine levels is the same for each curve. 
These calculations have been made for the case 
of a magnetic field parallel to the direction of the 
incident light beam so that only perpendicular 
components are absorbed by the resonating 
atoms. The three curves coincide for large values 
of w but differ appreciably for small values. This 
is to be expected for as the magnetic field is in- 
creased the interaction between the nucleus and 
the outer electron becomes small compared to 
the interaction of each with the field and as the 
interaction between the electron and the field is 


* Results were not published. 
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Fic. 1. Theoretical curves for the rization of the 
n*Ps_—m*Sin. Curve A, 1=3/2; B, I1=5/2; 


much larger than that between the nucleus and 
field a change in the nuclear spin should have 
very little or no effect in this region. 

For the polarization measurements to be 
described later the and the *Pij2—*Si/2 
transitions are not separated, it is therefore neces- 
sary to take into account the latter component as 
well. In Part II it was proved that the polarization 
of this component is zero for all values of the nu- 
clear spin and for all fields. The following equa- 
tion has been derived giving the polarization for 
both components in terms of the polarization of 
the transition: 


P(D,+Dz2) (1) 


where P(D,) is the polarization of the *P3,.—*S;,2 
transition and y is the product of the intensity 
ratio of the D, and D, lines in the source with the 
absorption ratio of these components for the 
atoms in the resonance chamber. For the case of 
the first doublet lines the ratio normally has 
the value 2 hence y is equal to 4 and the above 
equation reduces to 


P(D,+ D2) =12P(D2)/(AS—P(D2)). (2) 


EXPERIMENTAL DETAILS 


The experimental set-up was similar to that 
used in Parts I and II. The same type of source 
was used with a low pressure of hydrogen circu- 
lating through the tube, it was operated at a 
current of 0.5 ampere supplied by a 11,000 
volt transformer. Cs vapor was supplied to the 
discharge tube from a side tube heated by an 
electric furnace so wound that the lower part of 
the side tube occupied by the Cs was cooler than 
the part nearer the capillary in which the dis- 
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charge took place. For the first doublet lines the 
tube was operated so that only a very faint blue 
resonance appeared down the side tube and there 
was almost no coloring in the section of the 
capillary used to excite resonance radiation. 
Under these conditions a Fabry-Pérot picture 
showed that the \8521A line was very broad and 
somewhat self-reversed. It was found however 
that it was impossible to operate the tube at a 
sufficiently low Cs*vapor pressure to eliminate 
the effect of self-reversal entirely and still obtain 
resonance radiation of usable intensity. 

For measurements on the second doublet 
lines the Cs vapor pressure in the capillary was 
increased so that the section which excited the 
resonance radiation had a fairly intense blue 
appearance. With the source operating in this 
manner a Fabry-Pérot analysis of the A4555A 
line showed that it was broad having a half 
value breadth of 0.0795 cm with no self- 
reversal present. 

Due to the rather high vapor pressure of Cs 
at room temperature it was necessary to con- 
struct the resonance chamber in such a way that 
the part containing the Cs metal could be kept 
at a temperature between 10° and 15°C at which 
the vapor pressure of Cs is 2.5X10~" and 6.0 
< 10-7 mm of mercury, respectively. The Cs was 
distilled into a side tube 4 cm in diameter and 12 
cm long, attached to the lower part of the 
resonance chamber. This side tube was kept at 
the proper temperature by a water bath. 

For the second doublet lines a higher vapor 
pressure of Cs was necessary in order to get 
sufficient intensity of the resonance beam. The 
resonance tube was modified somewhat so that 
the chamber itself could be kept at a higher 
temperature than the side tube to eliminate 
condensation on the walls. Optimum tempera- 
tures were found to be 75°C for the resonance 
chamber and 55°C for the side tube containing 
the Cs. Under these conditions the resonance 
beam was found to be sufficiently intense with- 
out showing any appreciable secondary resonance 
radiation. 

A Helmholtz coil placed with its axis parallel 
to the direction of the incident light beam pro- 
duced the magnetic field at the resonance tube. 
A large coil was used to counterbalance the 
earth’s field. 
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The polarization measurements were made 
by the Cornu method as described in Part I. 
Eastman type 1—P spectroscopic plates were 
found to be most satisfactory for photographing 
the first doublet lines. Eastman type 50 plates 
were used for the second doublet lines. 


RESULTS 


The results for the first doublet lines are 
plotted in Fig. 2. The circle dots are the experi- 
mental points for the polarization as a function 
of the magnetic field. Three theoretical curves 
have been plotted on the same graph for com- 
parison. Curve 2 is calculated using for the 
hyperfine separation constant A the value 1.42 
<10-* cm-'. Curves 3 and 4 are for A values, 
respectively, lower and higher than this. In 
calculating these curves the shape of the exciting 
line in the source has been taken into account. 
The A8521 line has two hyperfine components 
resulting from the separation of the lower 67S. 
level. It was found that under the operating 
conditions used these components were some- 
what self-reversed. The contour (intensity- 
frequency curves) of the components taken from 
microphotometer tracings of Fabry-Pérot pat- 
terns have been plotted in Fig. 3. The shapes of 
the components were the same within experi- 
mental error. The two dashed curves represent 
extreme contours (plotted on a linear scale in 
cm and corrected to represent intensities) taken 
from several different orders of interference. 
It was found that these curves could be repre- 
sented very closely as the result of superimposing 


Fic. 2. Experimental and theoretical curves for the 
polarization of the first doublet lines. Curve 1 is the 
experimental curve. Curves 2, 3, and 4 are the theoretical 
curves with A =1.4210~*; 1.35X107*; and 


respectively. 


Fic. 3. Contour of the \8521 line in the source. The 
dashed curves (experimental) are taken from Fabry-Pérot 
patterns. The heavy curve (theoretical) is the resultant 
of the two Doppler curves A and B. 


two Doppler curves, the heavy line in Fig. 3 
representing the superimposed curve. This fact 
simplifies considerably the calculation of the 
polarization. The method of taking into account 
the shape of the line in the source when the con- 
tour can be represented by Doppler curves has 
been discussed in Part I. The shape of the ex- 
citing line determines the relative population of 
the resonating atoms, the equation for determin- 
ing these populations being: 


B 
B’ 
+—— exp - | (3) 
Vi Ve 


where a,?=M/2RT, the subscript 1 applies to 
the atoms in the source and subscript 2 to the 
atoms in the resonance chamber. The two terms 
in this equation arise from the fact that two 
Doppler curves are superimposed. 

In taking into account the unpolarized doublet 
component a value of y equal to 4 was used in 
Eq. (1). This implies using a 2 : 1 doublet in- 
tensity ratio for both the emitting atoms in the 
source and the absorbing atoms in the resonance 
chamber. It is doubtful that this large a ratio 
exists in the source because of the observed self- 
reversal. However the photographic plate used 
is known to have greater sensitivity for the 
48521 component than the A8943 component. 
This effectively increases the doublet intensity 
ratio, and intensity measurements on these 
lines in the source revealed that this effective 
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Fic. 4. Polarization curve for the second doublet lines. 
The theoretical curve is for an A value 4.86 10-* cm™. 
The circled dots are the experimental points. 


ratio is approximately 2:1. The theoretical 
polarization curve for A equal to 1.42 x 10-* cm 
is seen to agree well with the experimental curve 
up to about 350 gauss, beyond which the theoret- 
ical curve decreases too rapidly. However this 
region is not sensitive to changes in the A value 
but depends mostly on the contour of the ex- 
citing line. As the two dotted curves with A 
values 5 percent greater and less than 1.42 10~* 
cm~ lie definitely outside the limits of error of 
the experimental curve this value can be said 
to be accurate to within 5 percent. 

In Fig. 4 is plotted the theoretical curve for the 
second doublet lines with a separation constant 
A equal to 4.86 X10~ cm. This curve has been 
corrected for the line breadth in the source which 
causes the curve to change its slope for higher 
values of the field though here the effect is not 
as pronounced as in the first doublet line since 
the separation constant is much smaller. The 
circled dots are the experimental points. The 
doublet intensity ratio in the source was found 
to be 3.5 experimentally. The values for this 
ratio quoted by Korff and G. Breit’ vary from 
3.3 to 4.0. A value of 4 was taken for the absorb- 
ing atoms in the resonance bulb, therefore y in 
Eq. (1) is equal to 14. When the value of y is so 
large it no longer is very critical. For a field of 

, 104 gauss, P=31.81 percent for y=12; and 
P=32.04 for y=16. As the agreement of the 
experimental points with the theoretical curve 


7 Korff and G. Breit, Rev. Mod. Phys. 4, 500 (1932). 


is good over the whole range of fields used the 
accuracy of the A value given for this level 
(7?P3p) is about 3 percent. 

The correction of the zero field polarization 
for overlapping of the hyperfine levels, discussed 
by Breit,* can be neglected since the hyperfine 
splittings observed here are much larger than 
those for Na. For either the first or second 
doublet the zero field polarization cannot be 
considered as sufficiently accurate to determine 
the value of the nuclear spin for Cs. For large 
values of the spin a change of unity produces 
only a small change in the calculated value of the 
polarization. Therefore from the present results 
it can only be said that the spin lies between 
5/2 and 9/2. The value 7/2 may be considered 
as fairly well established from the results pre- 
viously quoted. 


TABLE |. Magnetic moment of caesium. 


Level 6 6 7 

A 0.075 cm™ 1.42x107* 4.86 10~* 
Z 55. 51.6 49.7 

g(t) 0.72 0.68 0.69 

2.52 2.40 2.41 


The final results are given in Table I. The 
g(I) values have been calculated from the equa- 
tions of Goudsmit® and Fermi."® The Z, used were 
calculated from the experimental doublet separa- 
tions by use of the equation 


PZ 


The g(J) calculated for the different states are 
seen to agree very well. Due to the uncertainty 
in the theory used to calculate these values of 
g(I) their close agreement should not be taken 
too seriously for the present. 

In conclusion I wish to express my apprecia- 
tion of the help given by Professor G. Breit, and 
to Dr. R. L. Garman of New York University 
for the microphotometer curves. 


*G. Breit, Rev. Mod. Phys. 5, 122 (1933). 
* Goudsmit, Phys. Rev. 43, 636 (1933), 
‘ E, Fermi and Segré, Zeits. f. Physik 82, 729 (1933). 
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The Nuclear Moments of Columbium from Hyperfine Structure 


STANLEY S. BALLARD, Department of Physics, University of California, Berkeley 
(Received September 18, 1934) 


The hyperfine structure of the arc spectrum of columbium has been examined under con- 
ditions of high resolving power. The line patterns of \\4059, 4080, 4117, 4137, 4168, 4649, 
4672, 4675, 5344 and 6661 have been studied in detail. Three relatively independent methods 
have been used to determine the nuclear mechanical moment, J*h/2x. All three methods 
indicate a value of 9/2 for J, the quantum number of nuclear spin. Using the formulas given by 
Goudsmit, the nuclear g-factor has been calculated to be g; =0.83. This gives for the nuclear 


magnetic moment wy =3.7 nuclear magnetons. 


INTRODUCTION 


ANY lines in the spectra of neutral and 
ionized columbium (Z =41, M=93) were 
found by King' to show wide hyperfine structure 
splittings. The spectrum of the neutral atom was 
photographed under higher resolution by Dr. 
N. S. Grace. After a qualitative examination of 
these plates Grace and the author gave the pre- 
liminary result? that J=7/2 for columbium. The 
present investigation was undertaken for the 
purpose of fixing the value of J definitely, and 
if possible, evaluating also yu. 

In an investigation of this kind one ordinarily 
examines only classified lines. Although the spec- 
trum of CbI is unfortunately only partially 
analyzed, the classifications of a number of lines 
lying between 43500 and 4218 have been given 
by Meggers and Kiess.* They grouped these 
lines into five multiplets with the common lower 
level 4d‘5s *D. The upper levels given were 
6F°, 6p 6°, 6p’? the first three of these 
being attributed‘ to a 4d‘5p configuration. Un- 
fortunately these lines lie in a region of low re- 
solving power of the Fabry-Perot etalons used 
(due to the low reflecting power in the violet of 
the silver with which the etalon plates were 
coated’). Hence it was deemed necessary to ex- 
amine unclassified lines also. 


1A. S. King, Astrophys. J. 73, 13 (1931). 


*N. S. Grace and S. S. , Phys. Rev. 44, 128A 
1933). 
‘ *W. F. Meggers, J. Wash. Acad. Sci. 14, 442 (1924); 
(1926) Meggers and C. C. Kiess, J. Opt. Soc. Am. 12, 417 

«R. F. Bacher and S. Goudsmit, Atomic Energy States, 
p. 124 (McGraw-Hill, 1932). 

5H. White and S. S. Ballard, Phys. Rev. 39, 545A 
(1932). 


APPARATUS AND EXPERIMENTAL PROCEDURE 


The columbium spectrum was produced in the 
electrical discharge in an argon-filled Schiiler 
tube into the cathode base of which a hollow 
cylindrical shell of columbium metal! had been 
forced. The tube operated on 2000 volts d.c. with 
currents ranging from 0.06 to 0.30 amp. In 
order to cut down the Doppler broadening of the 
radiated lines the tube was partially immersed in 
liquid air during operation. The high resolving 
power necessary was obtained through the use 
of a Fabry-Perot etalon. The distance between 
the etalon plates was regulated by invar ring 
separators, the separators used varying in width 
from 2.5 mm to 15 mm. A three prism glass 
spectrograph of one meter focus was used to 
produce the necessary auxiliary dispersion. The 
spectrum was photographed in exposure times of 
from five minutes to two hours. In order to 
photograph 6661 it was found necessary to 
use ammonia-sensitized Hypersensitive Panchro- 
matic plates. For 5344 Panchromatic plates 
were used, and for all other lines the finer-grained 
“33” plates were used. The plates to be used in 
intensity work were developed in rodinal, 1 : 20. 
These plates were calibrated for intensity meas- 
urements by use of a step-slit as described by 
Anderson.® The intervals between hfs. compo- 
nents were measured with a comparator on den- 
sitometer records made from the original plate 
by a Zeiss recording microphotometer. The 
relative peak intensities of the hfs. components 
of a line pattern were reduced from the densitom- 


eter records as described by Anderson.*® 


*O. E. Anderson, Phys. Rev. 45, 685 (1934). 
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EXPERIMENTAL RESULTS 


A survey of the visible spectrum of Cb I photo- 
graphed under high resolution suggested that 
the hyperfine structure of the line patterns is to 
be attributed to the coupling of a magnetic 
nucleus with the valence electrons, rather than 
to the so-called isotope effect. By no means all 
of the spectrum lines show hfs. splittings, how- 
ever. The group of classified lines lying between 
4059 and \4218 (the only classified lines in the 
visible region) show a wide hfs. degrading toward 
the violet. This indicates that the lower level 
arises from a configuration containing a tightly- 
bound, deeply-penetrating s electron. This is 
indeed the case, as these lines represent the 
transitions 4d‘*5s °“D—4d*5p *F°, A group of 
unclassified lines in the blue show a wide hfs. 
degrading, in general, toward the red. \4672 and 
\4675 are the most prominent of these. A com- 
parison with the analyzed terms of vanadium 
(the spectroscopic homologue of columbium) 
suggests that these lines may be some of the 
transitions 4d*5s* *F, *P —4d*5s5p °G°, *D°, °F°, 
4G°, etc. Since the penetrating s electron is in this 
case in the upper configuration the patterns 
would be expected to degrade toward the red 
as observed rather than toward the violet, as in 
the former group of lines. Other scattered lines 
show wide hfs., the most prominent being \5344 
in the green and \60661 in the red. The overall 
widths of the most prominent lines are as follows: 
the violet line 44059, AX =0.15A, Av =0.93 cm™'; 
the blue line \4672, AX\=0.21A; the green line 
A5344, AN =0.17A; the red line \6661, AX =0.63A, 
Av=1.42 cm". 


A. The evaluation of I 


The mechanical moment of an atomic nucleus 
is given by /*h/2x, where 1* =[J(1+1) What 


one evaluates experimentally is 7, the quantum 
number of nuclear spin. Three essentially differ- 
ent methods were used in evaluating J for 
columbium. The first of these consisted simply in 
counting the number of diagonal components in 
a so-called “flag type’’ hfs. line pattern. In the 
case of lines for which J of the widely split 
level there should be 27+ 1 of these diagonal 
components. The pattern of \5344 (see Fig. 1), 
for example, shows six components degrading 
uniformly in intensity and interval. Hence 
either J=5/2 or 1=5/2 (or both) for the more 
widely split level involved. On one very good 
plate \4672 shows eight evenly degrading com- 
ponents and in addition an unresolved tail 
possibly large enough to contain at least two 
more components. This shows that /=7/2 and 
may be as large as 9/2. It was upon such evidence 
that the preliminary estimate? of the magnitude 
of J for columbium was based. 

The second method consisted in measuring the 
peak intensities of the components of an hfs. line 
pattern and comparing them with the values 
calculated for various values of J. Although this 
process was carried through for several lines’ only 
the two most trustworthy determinations will be 
mentioned here. The first line examined, \4117, 
represents the transition 4d*5s 
®P;,9°. It appears as a well-defined doublet with 
a separation of 0.29 cm™! between components. 
If this splitting is attributed to the lower (*D,;,2) 
level, an examination of the densitometer trace 
of the line pattern shows that the upper level is 
quite sharp; Av 0.01 cm~'. Hence the theoretical 
relative intensities of the two components of the 
hfs. doublet should be given by the summation 
rule of intensities as applied to the two hfs. 
levels of *D,,». Table I shows the relative inten- 
7S. S. Ballard, Phys. Rev. 46, 327A (1934). 


Fic. 1. Reproduction of a portion of a densitometer trace of Cb 45344 (6.5 mm etalon separator). * 
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Fic. 2. Reproduction of portion of plate showing Cb' hfs. 
(9 mm separator). \4649 is marked “1"; \\4672 and 4675 
(overlapped with this separator) are marked “2."" The 
plate carries intensity calibration marks put on with a 
seven aperture step-slit. 


sities computed for J=7/2, 9/2, and 11/2 to- 
gether with the observed relative intensities (an 
average of several determinations). 


NAN 


V 


TasLe I. Calculated relative intensities for a level with 
J=1/2, and observed values for 44117. 


Calculated Observed 
I=7/2 9/2 11/2 4117 
1.29 1.22 1.18 1.23 


The second line examined, \4649, is a promi- 
nent unclassified line whose hfs. pattern consists 
of four sharp components degrading regularly in 
interval and intensity toward the violet. This 
indicates that one level is quite sharp, and that 
for the widely split level J=3/2. Fig. 2 shows a 
portion of the visible spectrum of columbium as 
photographed under high resolution. The four 
cemponent line \4649 is marked ‘“‘1.”" Fig. 3 
shows an enlargement of the line pattern and the 
corresponding densitometer trace. In Fig. 4 
the experimental intensity data obtained from 
this line are shown graphically. It shows the 
peak intensities (in arbitrary units) of the four 
components plotted against the order of inter- 
ference (numbered arbitrarily) for nine orders. 
The sloping off of all four curves indicates that 
there is a variation of intensity with order and 
also that there may have been a variation of the 
intensity of the light source along the length of 
the slit. However since the curves are quite paral- 
lel these factors will not influence the relative 
intensity values obtained for the four compo- 
nents. Experimental intensity values were taken 
from these curves at four ordinates and the values 
for each component were averaged. These were 
reduced to a convenient arbitrary scale by as- 
signing to the strongest component an intensity 
of 100. These reduced average experimental 
values are shown in Table II, together with the 


y 


Fic. 3. Reproduction of Fabry-Perot etalon pattern and corresponding densitometer trace of 
Cb 4649 (9 mm separator). 
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C8 4649 
100 | 100 
846| 85 
692); 7i 
30 53 
20 
10 
ORDER 


Fic. 4. Peak intensity J (in arbitrary units) of the four 
components of \4649 plotted against order of interference 
(numbered arbitrarily). Table shows agreement of average 
reduced observed relative intensities with values calculated 
for J=9/2, J=3/2. 


TABLE II. Calculated relative intensities for a level with 
J =3/2, and observed values for 4649. 


Calculated Observed 
I=7/2 9/2 11/2 44649 
100 100 100 100 
81.8 84.6 86.7 85 
63.6 69.2 73.3 71 
45.4 53.8 60.0 53 


theoretical values for J=7/2, 9/2 and 11/2 
calculated by use of the summation rule as ap- 
plied to a level with J = 3/2. The observed values 
again check closely the calculated values for 
I=9/2. 

The third method used in evaluating J was the 
comparison of observed intervals between hfs. 
components with theoretical intervals calculated 
from the Landé interval rule as applied to 
hyperfine structure. The observed intervals for 
several of the lines which were measured are listed 
in Table III. The overall width of each line is 


TaBLe III. Observed hfs. intervals in cm™ for various 
line patterns. 


4059 A4080 4672 A4675 A5344 6661 


Ist 0.190 0.148 0.151 0.168 0.110 0.152 0.305 
2nd 0.168 0.130 0.126 0.152 0.098 0.130 0.262 
3rd 0.099 0.136 0.086 0.115 0.233 
4th —— 0.120 0.070 0.093 


overall 0.932 0.630 0.376 0.943 0.542 0.607 1.416 


given since in most cases complete resolution of 
the line pattern was not effected. \4117, as men- 
tioned above, has a doublet separation of 0.29 
cm~ which was attributed chiefly to the splitting 
of the level. Measurements on 4168 
gave the intervals Avy=0.30 for 
and Av=0.25 cm~ for All observed 
intervals listed represent the average values ob- 
tained by measuring from six to ten orders on 
each plate. Since the dispersion along the inter- 
ference pattern is not linear these average values 
were obtained by the use of Newton's interpola- 
tion formula for divided differences. The second 
divided differences were found to be random, as 
was expected since the dispersion follows the 
parabolic law d\/dx= —kx, where x is the dis- 
tance from the center of the etalon pattern. 

In order to facilitate the comparison of these 
observed intervals with calculated values all 
intervals are reduced to a common arbitrary 
scale by assigning to the first interval of each 
line pattern the magnitude 100. Table IV shows 
the calculated and observed interval ratios for 
44059, 4d*5s °F i1/2°. This is the first 
ultimate line of columbium as assigned by de 
Gramont, and is the widest line in the violet. 
The greater splitting has been attributed to the 
lower level since it arises from a configuration 
containing a tightly-bound s electron. Hence the 
theoretical ratios given in Table IV are those 


TABLE IV. Calculated and observed interval ratios for \4059. 


Calculated ratios for J=9/2 Observed ratios 
I=7/2 8/2 9/2 10/2 11/2 for 44059 


100 100 100 100 100 100 
87.5 88.2 889 89.5 90.0 88 
overall 437.5 476.4 500.0 526.3 540.0 491 


calculated for a fine structure term with J =9/2. 
Only the first two intervals and the overall width 
of this line pattern could be measured with ac- 
curacy due to the poor resolving power of the 
etalons in the violet. However, there is good 
agreement with the calculated values for J =9/2. 

44080, the second ultimate line, represents the 
transition 4d‘5s *Dz,.—4d‘5p The ob- 
served ratios in Table V are hence shown as com- 
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TABLE V. Calculated and observed interval ratios for \4080. 


Calculated ratios for J=7/2 Observed ratios 
I=7/2 9/2 11/2 for 44080 
100 100 100 100 
85.7 87.5 88.9 88 
overall 400.0 437.5 466.7 426 


pared to those calculated for a level with J =7/2. 
Again only two intervals could be measured with 
accuracy. 

44649 is the unclassified four-component line 
shown in Figs. 2 and 3. The calculated interval 
ratios given in Table VI are for a fine-structure 


Tasie VI. Calculated and observed interval ratios for \4649 


Calculated ratios for J=3/2 Observed ratios 
I=8/2 9/2 10/2 for \4649 
100 100 100 100 
81.8 83.3 84.6 83.4+0.1 
63.6 66.7 69.2 65.6+0.1 


level with J = 3/2. The observed ratios given are 
the average values for ten orders, the propor- 
tional errors indicated being those involved in 
obtaining the arithmetic means for the ten or- 
ders. The observed ratios check the calculated 
values for J=9/2 very closely. The reason that 
the third observed interval is small is probably 
that the fourth component, being close to the 
third component and weaker than it, is pulled in 
slightly toward it (cf. Fig. 3). Although a half- 
integral value of J would be predicted for colum- 
bium since it has odd atomic weight, it is to be 
emphasized that the interval measurements of 
4059 and 4649 distinguish clearly between 
8/2, 9/2 and 10/2 as possible values of J. 

In the case of an element for which the value 
of J is known the observed hfs. intervals of a 
line pattern can often be used to determine the 
J-value of the more widely split level involved. 
This was done for four unclassified lines whose 
interval measurements are given in Table III. 
Accepting the value J=9/2 for columbium, 
theoretical interval ratios were computed from 


the Landé interval rule for various values of J. 
A comparison of observed interval ratios with 
these calculated ratios showed immediately what 
J-value to assign to the more widely split level 
associated with each line. Whether this was the 
upper or lower level was decided by seeing 
whether the line pattern degraded toward the 
red or the violet. The results for the four lines 
are as follows: (a) 44672; J=11/2 (possibly 
13/2) for the upper level, (b) 44675; J=9/2 for 
the upper level, (c) 45344; (see Fig. 1) J =5/2 for 
the upper level, (d) \6661; J=7/2 for the upper 
level. Data such as these should be of use in 
analyzing the multiplet structure of a spectrum 
when Zeeman effect patterns are not available. 


B. The evaluation of yu; 


The nuclear g-factor g; and the nuclear mag- 
netic moment yu; of columbium have been calcu- 
lated following the method suggested by Goud- 
smit.* The coupling factor a of the 5s electron was 
computed from the Bacher-Goudsmit® equation 
to be 0.13 cm~', using the measured splitting 
0.30 cm~ of the 4d*(D)5s level. This value, 
substituted in Goudsmit’s formula* for an s 
electron, gave g; =0.83. Since J =9/2 for colum- 
bium the value of the nuclear magnetic moment 
is approximately »;=3.7 nuclear magnetons. 
(One nuclear magneton=eh/4x%Mc, where M 
=the mass of the proton.) it is of interest that 
these values of J, g;, and uw, are practically iden- 
tical with those* of Bi?®®. The value of yu; for 
columbium must however be regarded as ac- 
curate only as to order of magnitude. The reasons 
for this are the foliowing: 

(a) The ionization potential of «Cb is as yet 
unknown, and its value (which is needed in the 
formula for g;) was therefore interpolated linearly 
between the known values of 4oZr and 42Mo. 

(b) The value of a for the 5s electron was ob- 
tained from only one term, *D,,2. It would be 
preferable to have several different determina- 
tions of its magnitude. 

(c) The formulas of Goudsmit® are claimed to 
give only “fair approximations for the nuclear 
magnetic moment.” 


*S. Goudsmit, Phys. Rev. 43, 636 (1933). 
*L. a and S. Goudsmit, The Structure of Line 


(McGraw-Hill, 1930). 
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CONCLUSIONS 

The results of this investigation may be sum- 
marized'® as follows: 

(1) The observed hyperfine structure in the 
arc spectrum of columbium can be accounted 
for by attributing mechanical and magnetic 
moments to the columbium nucleus. 

(2) The quantum number of nuclear spin of 
columbium is given by J =9/2. 

#® See also S. S. Ballard, Phys. Rev. 46, 233L (1934). 


(3) Approximate values of the nuclear g-factor 
and nuclear magnetic moment of columbium are 
gr=0.83, =3.7 nuclear magnetons. 

In conclusion the writer wishes to express his 
sincere thanks to Professor H. E. White, who has 
guided him throughout this investigation. He 
also wishes to acknowledge the help of Professor 
F. A. Jenkins in interpreting intensity data, and 
the cooperation of Doctor N. S. Grace, with 
whom the work was first undertaken. 
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An Experimental Determination of Ultrasonic Absorption and Reflection Coefficients 
in Air and in Carbon Dioxide 


Rocer W. Curtis, Department of Physics, The Johns Hopkins University 
(Received September 4, 1934) 


Ultrasonic absorption coefficients in air and in carbon 
dioxide have been measured, as well as the coefficients of 
reflection in these gases at a solid boundary. In the fre- 
quency range between 88 and 1000 kc/sec. the absorption 
in air was found to increase with the square of the wave- 
length as required by classical theory, but for CO; the 


HE method developed by Hubbard' for 

determining ultrasonic absorption and re- 
flection coefficients by means of the acoustic 
resonator interferometer has been used in this 
investigation. The source of ultrasonic waves 
was in each case a vibrating piezoelectric quartz 
plate, which acted as a source of plane waves, 
the wave-length of which was small compared to 
the diameter of the source. The quartz plate 
was not self-oscillating but was forced to vibrate 
at one of its natural resonance frequencies by an 
external source of periodic electromotive force 
applied to the plate. This plate closed one end of 
a tube and thus radiated ultrasonic waves into 
it. The other end of the tube was closed by a 
piston, the position of which could be changed by 
a micrometer screw. The reaction of the vibrating 
column of gas in the tube upon the quartz plate, 
as in all work with the acoustic interferometer, 


varies cyclically with the position of the piston, 


a C. Hubbard, Phys. Rev. 38, 1011 (1931); 41, 523 
(1932). 


absorption constant of the classical theory rises to a sharp 
maximum at about 98 kc/sec. The reflection coefficient 
(brass reflector) was found to decrease with increasing 
frequency for both gases, the decrease being of the order 
of twenty percent at the higher frequencies. Measurements 
on an impure sample of helium are included. 


reaching maximum values as the piston passes 
through resonance positions, in which standing 
waves are set up. Hubbard has shown that the 
gas column and crystal may be regarded as a 
single mechanical system, the impedance of 
which varies periodically with reflector distance. 
These variations can be measured quantitatively 
and from them can be calculated the coefficient of 
absorption in the gas as well as the reflection 
coefficient at the surface of the piston. If no 
energy were absorbed then the reaction of the 
gas column on the quartz plate would be the same 
for all sets of standing waves produced as the 
piston moves away from it. Since, however, 
energy is absorbed in the gas the resonance re- 
action diminishes as the piston recedes from the 
source until, at sufficiently great distances, there 
should be no reaction and hence no system of 
standing waves. The experimental work con- 
sists, in a given case, in measuring the reaction 
for a series of reflector distances. From these 
readings the coefficients of absorption and 
reflection are evaluated. 
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EXPERIMENTAL PROCEDURE 


The quartz plate, holder, the tube and piston 
form the sonic interferometer. The interferom- 
eter used in this investigation was specially 
designed to enable pressure and temperature 
variations to be made in the gas being measured, 
the whole instrument being gas tight. In order to 
move the piston within the enclosure by the 
micrometer screw outside, a metal bellows was 
used. By using a long one the desired motion of 
25 mm was obtained without putting enough 
force on the screw itself to change its calibration. 
This long bellows also had the advantage that 
heat conductivity along it was small when it was 
immersed in a temperature bath. The design has 
the further advantage that the whole apparatus 
may be assembled and tested in place and then 


the cap screwed on the lower end and sealed, 


either with a rubber gasket or wax. A drawing of 
the interferometer is given in Fig. 1. 

The quartz plates were of the type usual for 
thickness vibrations, with either circular or rec- 
tangular faces. Gold electrodes were evaporated 
on both faces of each plate and a plate when in 
use in the interferometer was held against the 
end of the tube by a spring which also served as a 
lead to one electrode, the other electrode being in 
electrical contact with the case of the instrument 
which was grounded. In a few cases for low 
frequencies the plates were turned on edge. 
Slots were cut in the face on which the quartz 
plate rested as well as in the side of the piston to 
allow free flow of gas. An arrangement of springs, 
shown at the top of the drawing, was provided 
to prevent the collapse of the bellows when low 
pressures were used. 

Since the quartz plate was forced to vibrate 
at one of its natural resonance frequencies it was 
necessary to apply to the electrodes an alter- 
nating current, the frequency of which was as 
constant as that usually produced by quartz 
crystal oscillators. However, it was not practi- 
cable to use such an oscillator because of the 
amount of labor which would be involved in 
providing exactly tuned plates for all the driving 
frequencies. In designing an electric oscillator 
for the purpose advantage was taken of the 
work of Dow? whose “electron coupled’’ oscil- 


*J. B. Dow, Proc. I. R. E. 19, 2095 (4931). 
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Fic. 1. Drawing of the ultrasonic interferometer in section. 


lator has a frequency stability comparable to 
that of an oscillating crystal. In the oscillator 
used in these experiments the tuned circuit 
consisted of a precision condenser which had 
been carefully calibrated and a stable inductance 
coil, a small radio receiving, four electrode 
vacuum tube with indirectly heated cathodes, 
being used for the generation of oscillations. 
Its output was amplified by a two-stage ampli- 
fier and fed into an untuned output coil. The 
filaments were heated from the lighting mains 
and the plate potentials were obtained from 
heavy-duty dry batteries, the whole system being 
carefully shielded. A small micrometer vernier 
condenser was connected in parallel with the 
precision condenser and with these the frequency 
could be adjusted to within a cycle of the de- 
sired value. Frequency stability was extremely 
satisfactory, the drift usually being so small 
that no adjustment was necessary during the 
course of a set of measurements. 

While frequency measurements of great ac- 
curacy were not needed for the absorption 
measurements, the oscillator permitted them to 
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be made by a simple method, apparently not 
generally used. Taking the frequencies of radio 
broadcasting stations, by law, within 50 cycles 
of assigned values, as standards, the oscillator 
could be set to known frequencies using the pre- 
cision condenser. Then, knowing the change in 
capacity necessary to change the ostillator from 
the known to the unknown frequency, the un- 
known frequency could be computed. Outside 
the broadcasting range intercomparison of har- 
monics may be used. Values are reproducible by 
this method within 0.1 kilocycle. 

The circuit by which the output of the oscilla- 
tor was applied to the quartz plate was called 
the driving circuit and it was also used to make 
the necessary measurements. It consisted of an 
inductance, capacity, and thermocouple in series, 
the quartz plate being shunted across the con- 
denser and the inductance loosely coupled to the 
output coil of the oscillator, The thermocouple 
was of the separate heater vacuum type and had 
a heater resistance of 105 ohms. The capacity and 
inductance had such values that the natural 
period of the circuit was equal to that of the 
desired resonance frequency of the quartz plate, 


the capacity preferably being small.' The thermo- - 


couple, shunts and galvanometer were cali- 
brated in place, using direct current. In some 
measurements a vacuum tube voltmeter was used 
in place of the thermocouple but because of 
calibration difficulties it was not used in the 
final measurements. 

Only natural crystal frequencies having large 
acoustic reactions are of use in acoustic inter- 
ferometry. Such frequencies were located by 
slowly varying the frequency of the electromotive 
force applied to the driving circuit. The resulting 
current observed in the driving circuit is sharply 
reduced at passage through a resonance fre- 
quency of the quartz. This reduction occurs over 
a very narrow frequency range, and is called a 
crevasse of the crystal. Each quartz plate has 
many crevasses corresponding to different modes 
of vibration, but few modes of vibration give 
rise to vigorous acoustic reaction. Since a system 
of standing waves in the tube is indicated by an 
increase in the minimum crevasse current it was 
only necessary to vary the position of the piston 
to determine whether such waves were present 
at a given frequency. The crystal was system- 


atically explored in this way and a crevasse was 
selected which had a large acoustic reaction and 
a desirable frequency and which had no close 
neighbors so that no spurious frequencies or. 
modes of vibration were present. 

It is then necessary as a requirement of the 
the theory of the method, to adjust the frequency 
of the driving circuit to that of the chosen 
crevasse of the quartz plate, thus making the 
crevasse symmetrical, that is, making the curve 
plotted with current as ordinates and frequency 
as abscissas symmetrical with respect to the 
minimum point. This was done by trial and 
error methods. 

For the determination of the ratio of the ab- 
sorption coefficient in the gas to the reflection 
coefficient at the surface of the piston it is neces- 
sary to measure three currents for each of several 
sets of standing waves. These currents are (1) 
the maximum current at resonance of the driving 
circuit with the quartz plate disconnected, (2) 
the minimum current with the quartz plate con- 
nected and resonating but without a system of 
standing waves (piston at anti-nodal position), 
and (3) the increase in this minimum current 
when a system of standing waves is set up by 
moving the piston to a nodal position. The first 
two currents were approximately the same for 
all the measurements but the last current de- 
creased as the piston receded from the quartz 
plate. From these sets of values it is possible to 
compute the ratio of the absorption coefficient 
to the reflection coefficient. In addition it is 
necessary to measure the width at half-amplitude 
of one of the current maxima obtained when the 
current is plotted against the piston position. 
Knowing this and the half-wave-length the two 
coefficients can be separated. 

The actual computation is a long process 
which often requires more time than the measure- 
ments. The complete equations are given in the 
original paper describing this method and will 
not be repeated here. In making this computation 
the corrected equations given by Hubbard’ were 
used. 

RESULTS 


Measurements have been made on dry, CO-- 
free air and on dry commercial carbon dioxide. 


* J. C. Hubbard, Phys. Rev. 46, 525 (1934). 
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In addition two measurements were made on an 
impure sample of dry, CO+-free, helium. The gas 
to be measured was allowed to flow through the 
interferometer for several hours in order to wash 
out other gases and it was also allowed to flow 
slowly while the measurements were being made. 

The results obtained are given in Table I. 
The values of the velocity are reduced to 0°C, 


TABLE I, Results of velocity, absorption and reflection 
ree, helium (impure); a 
carbon dioxide (commercial). 


(1) Gas; (kc/sec.); (3) temp. °C; 


velocity at m/sec.; (5) reflection coefficient; 
absorption coefficient = A; (7) a=u/2. 
(1) (2) (3) (4) (5) (6) (7) 
Air 252.1 27.2 332.0 0.92, 0.0015; 0.040, 
$31.3 25.8 333.8 0.86, 0.0012; 0.147 
589.4 28.9 332.4 0.88 0.0006, 0.087 
1000.8 27.6 334.2 0.75, 0.0008 0.35 
He 251.9 29.1 824.5 0.95, 0.0051 0.021, 
1000.8 28.5 837.6 0.915 0.0038 0.242 
CO; 88.90 25.4 262.4 0.99, 0.069, 0.365 
97.95 28.5 262.4 0.96, 0.090 0.57 
120.8 23.9 264.3 0.99, 0.057; 0.55 
188.7 28.6 264.2 0.98; 0.032, 0.75 
213.6 23.8 267.5 0.89, 0.029, 0.86; 
251.9 28.3 265.2 0.96, 0.01% 0.80 
531.3 27.8 267.3 0.82, 0.005, 1.04 


but they are not very reliable, since in many 
cases measurements were made for only a few 
wave-lengths near the source. They will per- 
haps be useful in giving a clue as to the purity 
of the gas. For example, if air is the impurity in 
the helium, the velocity measurements indicate 
the presence of 5 percent by volume of air. The 
reflection coefficient is the fraction of incident 
energy reflected at the surface of the brass piston 
and is practically unity at audible frequencies. 
The absorption coefficient » is defined by J, 
= I) e~**, where = A/X’, by the classical theory 
of acoustic absorption, A being a constant de- 
termined by the coefficient of heat conduction 
and viscosity of the gas, was well as by the gas 
density and specific heat. The behavior of A as 
determined by experiment is a test as to the 
presence of the type of acoustic dispersion dis- 
covered by Kneser.‘ As he has shown, it is to be 
expected that for a polyatomic gas there will be a 
characteristic frequency range in which a given 
*H. O. Kneser, Ann. d. Physik 11, 777 (1931). 
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Fic. 3. Reflection coefficient plotted as a function of 
the frequency. 


energy state, such as a vibrational state in the 
case of COs, passes from participation in energy 
exchanges at lower frequencies to non-participa- 
tion at the higher, corresponding to an apparent 
increase in the ratio of specific heats. For CO, 
this region lies mainly between 100 and 600 kc, 
but its position is extraordinarily affected by the 
presence of certain gas impurities.’ This type of 
dispersion implies a region of extra-classical 
absorption® and accordingly a maximum of the 
experimentally determined value of A. Such a 
maximum, but of greater than theoretical value, 
was found for CO, by Grossmann’ in the neigh- 
borhood of 100 kc. The absorption coefficients 
for CO; have been plotted as a function of fre- 
quency in Fig. 2. For purposes of comparison the 
corresponding values obtained by Grossmann, 
Pielemeier,* and Hubbard are also given on the 
BA. T. Richards and J. A. Reid, J. Chem. Phys. 2, 193 
a Physik 16, 337 (1933). 


7 E, Grossmann, Ann. d. Physik 13, 681 (1932). 
* W. H. Pielemeier, Phys. Rev. 34, 1184 (1929). 
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graph. The agreement of the results by the 
present method with those of Grossmann, ob- 
tained by a direct method, is interesting and 
seems to give considerable support to the validity 
of interferometric methods in this range of fre- 
quencies. The magnitude of A at the maximum 
at 98 kc/sec. for CO: is considerably greater 
than that of Grossmann and is still farther from 
the theoretical value. The values of A for air 
and helium are of a smaller order of magnitude 
and are much more affected by the errors of 
measurement. 

Reflection coefficients have been plotted as a 
function of frequency in Fig. 3. It was found by 
Hubbard that reflection coefficients in this fre- 
quency range are less than unity by much more 
than would be expected on the dynamical theory 
of sound. The present experiments show that 
this decrease from expected values is not only 


very considerable but that the reflection coef- 
ficients decrease rapidly with increasing fre- 
quency. No detailed explanation of this phe- 
nomenon has been attempted, but it seems rea- 
sonable to suppose that the same increase with 
frequency of temperature gradient in the acoustic 
wave which accounts for the increase with 
frequency of acoustic absorption due to heat 
conduction® may also be the cause of irreversible 
heat losses at the reflector. On this view it would 
be reasonable to expect a decrease of reflection 
coefficients with increasing frequency. 

The author wishes to express his thanks to 
Professor J. C. Hubbard for suggesting the 
problem and for much help and encouragement 
in its solution. 

°K. F. Herzfeld and F. O. Rice, Phys. Rev. 31, 691 
(1928). 
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Electrical Resistivities of Single and Optically Mosaic Zinc Crystals 


Witcarp J. Porry, Physical Laboratory, University of Iowa 
(Received July 30, 1934) 


The Voigt-Thomson symmetry relation is accurately 
checked for two sets of strain-free zinc single crystals 
made from two lots of Evanwall zinc. The principal 
electrical resistivities in micro-ohms/cm!’ are: po=6.218, 
pso=5.882 with the ratio, po/ps=1.0554 for one lot 
(E.W.R.) and po=6.161, peo=5.842, 1.0548 for 
the other (E.W.B.). The resistivity is changed by slight 
strains due to application of micrometer calipers to the 
crystals, the change being a decrease in four cases out of 
eleven. Severe strains, in general, increase the resistivity. 
The effects of repeated anneals on strained crystals are 
complex, the most important conclusion being that high 


INTRODUCTION 


HE necessity for a redetermination of the 

resistivity of single crystal castings of zinc 

as a function of orientation,' in spite of several 

previous determinations,’ will be evident upon 

! The angle between the main crystallographic axis and 
the length of the specimen. 


2 a. Griineisen and Goens, Zeits. f. Physik 26, 235 (1924); 
b. P. W. Bridgman, Proc. Am. Acad. Sci. 60, 305 (1925); 


c. P. W. Bridgman, Proc. Am. Acad, Sci. 61, 101 (1928); 
d. P. W. Bridgman, Proc. Am. Acad. Sci. 63, 352 (1928); 


temperature anneals (at about 400°C) are not effective in 
restoring the initial resistivity of all orientations. A final 
low temperature anneal (at 190°C for 84 hours) is however 
completely effective. Optically mosaic specimens have 
abnormal resistivities, either greater or less than single 
crystals of the same orientation. Such specimens are very 
strain-sensitive, the resistivity rising markedly after a 
strain and falling for a subsequent anneal. This effect may 
be repeated several times on a specimen. The ambiguous 
results of previous observers may be explained either as 
strain effects or as due to the presence of optically mosaic 


specimens. 


reading the paper on this subject by Tyndall and 
Hoyem.*! None of the previous determinations 
have really offered a complete and definite ex- 
perimental check of the Voigt-Thomson sym- 
metry relation® for the resistivity when all of the 


e. L. A. Ware, Phys. Rev. 35, 989 (1930); f. Tyndall and 
Hoyem, Phys. Rev. 38, 820 (1931); g. Goens and Griin- 
eisen, Ann. d. Physik 14, 164 (1932). 

* This well-known relation states that the resistivity of 
zinc crystals is a linear function of the square of the cosine 
of the orientation. 
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crystals on which measurements were made are 
considered. The most comprehensive sets of 
data are those of Bridgman and Tyndall and 
Hoyem. 

Bridgman’s latest are considerably 
scattered, but the Voigt-Thomson relation ap- 
pears to be satisfied by a straight line drawn 
through the lowest points on his plot, the scatter- 
ing of points above the line being supposedly 
due to strains incurred before measuring the 
crystals. The ratio of principal resistivities, 
po/po, is 1.039 for the line drawn as just de- 
scribed. Tyndall and Hoyem used two brands of 
zinc, for one of which, Kahlbaum’s best, was ob- 
tained a satisfactory‘ confirmation of the sym- 
metry relation with a ratio, po/py, equal to 
1.057. The second lot of zinc, New Jersey Zinc 
Company's “spectroscopically pure’’® (S. P.) 
showed much the same type of scattering of 
observations as that of Bridgman. The writers, 
however, interpret these data to give the same 
value of po/ps as for the other lot of zinc pre- 
ferring to believe that the crystals of low resis- 
tivity are in some way abnormal. 

The writer’s purpose in undertaking this in- 
vestigation was twofold: (1) to obtain an un- 
ambiguous check on the Voigt-Thomson relation 
and a correct value for the ratio, po/ p90, with sets 
of crystals that could certainly be considered 
free from strain at the time of the measurements, 
(2) to study the effects of straining and subse- 
quent annealing with the hopes of throwing some 
light upon the inconsistencies of previous de- 
terminations. The writer believes that he has 
been successful in both points although in the 
second case an alternative explanation may be 


given as will appear later. 


PRODUCTION OF CRYSTALS 


Two sets of single crystals, each distributed 
throughout the possible orientation range, were 
grown from two lots of Evanwall 99.99+ per- 
cent zinc. The material for the first set was part 


‘That is, completely satisfactory to Tyndall and 
Hoyem, although later Goens and Griineisen (Ann. d. 
Physik 14, 164 (1932)) favor the lower value of po/py, 
but their experimental evidence is not very extensive. 

5 This “‘spectroscopically pure’ zinc was some of the 
material prepared by Cyr, and is not identical with the 
“spectroscopically pure” zinc now being prepared by the 
New Jersey Zinc Company. 


of the same lot of zinc used by Hanson.* It will be 
denoted hereafter as E. W. R.’ The zinc used for 
the second set was taken from the same 50 Ib. 
block from which Cinnamon’s* crystals were 
grown. It will be denoted hereafter as E. W. B. 
The two lots of zinc were very similar, the main 
difference being slight traces of iron in the E. W. 
R. that were not present in the E. W. B. It may 
also be of interest to note that both of these 
lots of zinc were distinctly purer, as shown by 
spectroscopic analysis, than the Kahlbaum zinc 
of which the K crystals of Tyndall and Hoyem?! 
were grown. 

In addition to the truly single crystals a 
number of “Optically mosaic,’ designated 
hereafter as ‘“O. M.,”’ specimens were grown of 
both lots of zinc. 

All of the crystals were grown in a transite 
mold in a horizontal furnace by a method similar 
to that recently described by Cinnamon.'® The 
single crystals and O. M. specimens made from 
E. W. R. zinc were 12 cm long and had a nearly 
square (actually trapezoidal) cross section of 
about 1 cm?. With the exception of one crystal, 
they were grown before the inception of Cinna- 
mon’s work and his development of the tech- 
nique of growth.'® Crystals with orientations be- - 
tween 15° and 50° did not grow the full length of 
the mold but changed to higher orientations of 
from 70° to 90° a few centimeters from the neck. 
This was probably due to an incorrect ratio of 
the temperature gradient to the rate of growth in 
the front part of the furnace. Small crystals 
from various sources were used as nuclei during 
this part of the work. The first of these were the 
crystals of Kahlbaum’s best zinc grown by 
Hoyem." In no case did any of these nuclei 
become O. M. or start O. M. specimens. Later, 
crystals grown by Schilling,’ the writer, and 
others were used. These generally” produced 

* A. W. Hanson, Phys. Rev. 45, 325 (1934). 

? That is, ““Evanwall rod,” as it was received from the 


manufacturer in the form of cast rods 1.25 cm in diameter 
and 25 cm in length. 

°C. A. Cinnamon, Phys. Rev. 46, 215 (1934). 

*H. K. Schilling, Physics 5, 1 (1934). 

1% C. A. Cinnamon, R. S. I. 5, 187 (1934). 

" These are the K crystals of A. G. Hoyem, Phys. Rev. 
38, 1357 (1931) and of T and H, reference 2f. Practically 
all of these tals were used as nuclei. 

BIna many cases O. M. nuclei were deliberately 
used in order to _ crystals of this type. In many other 
cases, however, the nucleus a to be single and the 
QO. M. structure was started in the portion of the nucleus 
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O. M. specimens. To finish the set, several of 
Hoyem’s S. P. zinc crystals,“ particularly those 
crystals for which the resistivity was lower than 
normal,?‘ were used as nuclei and a large number 
of O. M. specimens and a few singles resulted. 

The crystals of the second set were grown to 
the full 12 cm length and with a cross-sectional 
area of 1.1 cm*. Cinnamon’s growing apparatus 
was used and his conditions of growth were satis- 
fied. The long stem on the mold which he used to 
prevent the formation of an O. M. specimen was 
dispensed with, however, and crystals” contain- 
ing about 0.3 percent of cadmium were used as 
nuclei. Without an exception, these nuclei 
started single crystals, and whenever Cinnamon’s 
conditions were fulfilled, the original orientation 
would grow throughout the entire length of the 
casting. It may be noted that the writer found, 
as predicted by Cinnamon," indications of an 
upper limit for the region of successful growth. 
The data were not extensive enough to set a 
definite boundary line for all orientations, but it 
seems probable that the region of successful 
growth is narrow for crystals of 35° orientation, 
and broadens out for both lower and higher orien- 
tations. 

Spectral analyses of small sections of both 
ends of a number of crystals from this set were 
made to see if the nucleus had contaminated the 
casting with cadmium. No such contamination 
was detected. 


EXPERIMENTAL PROCEDURE 


The resistivity was measured immediately 
after the growth of each crystal by the usual 
potentiometer method of comparing the poten- 
tial drop across the specimen with that across a 
standard resistance."* The potentiometer’ was 


that was melted and recrystallized, as described by 
Cinnamon, reference 10. 

13 A. G. Hoyem, Phys. Rev. 38, 1357 (1931). 

4 These crystals were used as nuclei to test whether 
they were single or O. M., it being believed, at the time 
that this was done, that single crystal nuclei would start 
single crystals and O. M. would start O. M. specimens. 
This test did not prove conclusive since it is now known 
that either single or O. M. may come from a single 
nucleus, 

16 Grown by Professor E. P. T. Tyndall by the Czochral- 
ski-Gomperz method. 

The same standard resistance that was used by 
Tyndall and Hoyem. It was recently checked against a 
new standard resistance, and found to agree with its 
stated value (0.01 ohm) within seven parts in ten thousand. 


made more sensitive by reducing the “working 
current”’ of the instrument to approximately one- 
seventh of its normal value. The current leads to 
the crystal were battery clips that were shaped to 
fit exactly the ends of the casting. The potential 
contacts were steel needle points'* passing 
through holes in a Bakelite strip and pressed 
lightly into contact with the crystal by means of 
small rubber bands, thus assuring good electrical 
contact without introducing an appreciable strain 
upon the specimen. Six such contacts, spaced 
approximately one centimeter apart, were used 
on the first four crystals grown, so that a correc- 
tion for the variation of the cross-sectional areas 
could be made as described by Tyndall and 
Hoyem.*! The later crystals were so nearly uni- 
form in cross section that only the potential 
drop across the extreme contacts needed to be 
recorded. During the electrical measurements, 
the specimen was inserted in a Dewar flask. 
The temperature of the crystal was determined 
by the use of thermocouples placed at each end 
of the section being measured. 

After the electrical measurements were taken, 
the positions of the contacts were measured with 
a Gaertner comparator. The mean cross-sectional 
area was then determined by the use of microm- 
eter calipers. The altitude of the trapezoidal 
shaped cross section was measured with an 
ordinary micrometer, and the side dimensions 
were taken with a special pointed type microm- 
eter. Approximately fifty micrometer readings on 
five separate sections of the specimen between the 
potential contacts were recorded to determine 
the mean area. To obtain consistent results for 
the altitudes of the five sections, the jaws of the 
micrometer were closed quite firmly upon the 
casting, undoubtedly introducing strain. Hence, 
after the micrometer measurements, the speci- 
mens were considered as strained crystals. The 
specific resistance for each crystal at room tem- 
perature (23°-31°) was computed and reduced 
to 20°C by using a temperature coefficient, a, 
equal to 4.058 x 10-* per degree centigrade.” 

‘For the first set of crystals investigated, a t K 


Leeds and Northrup potentiometer was used, but for the 
second set, it was replaced by a more sensitive instrument, 


type Ky. 
is needles. 
% The value found by Hoyem (Phys. Rev. 38, 1357 


(1931)) for the S. P. zinc. It was checked by the writer 
for the E. W. B. zinc. . 


| 
or 
b. 
re 
3. | 
in 
'y 
| 
2f 
d 
of 
te 
ir 4 
nm 
y 
of 
j 
1- 
l- 
— 
of 
of 
of 
n 
ie 
/ 
Pl 
d = 
d 4 
or 
ly 
1s 


818 W. J. POPPY 
j 
agi 
a2 O4 08 10 a2 os 10 


Fic. 1. Resistivity of strain-free 
crystals. Closed circles (@), E. W. R. 
zinc; open circles (O) E. W. B. 


RESULTS AND DISCUSSION 


Resistivity of single crystals 

The initial resistivities of the single crystals 
of both sets are shown in Fig. 1 as a function 
of the square of the cosine of the angle of orienta- 
tion. Except for a few crystals between 80° and 
90°, a consistent and definite check on the Voigt- 
Thomson symmetry relation is obtained. The 
ratio of the principal resistivities, o/p9, is 
1.0554 for one set (E. W. R.) and 1.0548 for the 
other (E. W. B.), the difference appearing real 
although not very much greater than the experi- 
mental error. The difference in resistivity of the 
two lots of zinc is definite and in such a direction 
as to indicate a greater purity for the E. W. B. 
If this is due to its apparent freedom from iron, 
the effect of small amounts of iron on the resis- 
tivity of zinc must be very great. As the two sets 
were grown and measured under somewhat differ- 
ent conditions, an additional crystal of EF. W. R. 
was grown and measured under precisely the 
same conditions as that of the E. W. B. crystals 
after the work on the latter was completed. This 
crystal (cos*@=0.72, p=6.117) agreed perfectly 
with the other crystals of the same set, the point 
for it falling on the upper line in Fig. 1. 

The complexity of the effect of impurities may 
perhaps be brought out by noting that the re- 
sults for the E. W. R. zinc are in exceedingly 
close agreement with the K zinc of Tyndall and 
Hoyem.*! Thus for E. W. R. pop = 6.218, poo = 5.882 
X10-* ohm/cm!; for the K zinc™ p)=6.217, 
pw = 5.884 X 10-* ohm/cm*. Yet the E. W. R. zinc 


Fic. 2. Effect of a slight strain 
produced by micrometers shown by 
closed circles (@), E. W. B. zinc. 


undoubtedly contains less cadmium and lead 
than the K zinc. Also, the E. W. B., although 
certainly less pure than the S. P. zinc, agrees very 
well with it. Thus for E. W. B. the results are: 
po=6.161, poo =5.842X10-* ohm/cm!; for the 
S. P. zinc,”® po = 6.182, poo = 5.847 X 10-* ohm/cm? 
these last two values being of course somewhat 
uncertain on account of the previously mentioned 
scattering of results of the S. P. crystals. Results 
of the above type may be taken to show that 
there is some small amount of impurity by which 
the resistivity of zinc is very critically affected. 
Such a conclusion, however, is to be regarded as 
largely speculative until supported by further 
evidence. 

It seems to the writer that the question of the 
ratio of the two principal resistivities of zinc 
crystals must be considered as definitely settled, 
the value lying somewhere between 1.054 and 
1.057, slightly different ratios being perhaps 
possible for different lots of zinc. 

The ratio of principal electrical resistivities, 
1.0548 (at 20°C) for the E. W. B. zinc is in such 
close agreement with Cinnamon’s® ratio of 
principal thermal resistivities, 1.0588 (at 57°C), 
that his conclusion of the constancy of the Wiede- 
mann-Franz ratio for all orientations is now fully 
confirmed by electrical and thermal measure- 
ments made on crystals of the same zinc. Cinna- 
mon’s value of the W-F ratio (at 57°C) must be 


2° Tyndall and Hoyem determined the cross sections of 
their crystals by weighing a measured length and using a 
density of 7.15 g/cm*. The values quoted above are 
corrected to a density of 7.13 g/cm* which the writer 
determined for a single crystal of E. W. R. zinc. 
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Fic. 3. 


Fic, 4. 


Fics. 3 anp 4, Effects of strains, subsequent anneals, etc, Triangles (A), initial unstrained 
resistivity. Closed circles (@), resistivity after a strain designated by letters near points, as 
follows: m, a slight strain produced by micrometers; M, severe strains produced by micrometers; 
B, bent and straightened; 7, twisted 1° per cm length; C, compressed in a vise. Open circles 


(O), values after an anneal indicated in 


decreased by about 0.6 percent due account being 
taken of the difference in resistivity and tempera- 
ture coefficient of the E. W. B. zinc and K zinc, 
the electrical properties of the latter having been 
used by Cinnamon in computing his Wiedemann- 
Franz ratio. 


Effect of strains, subsequent anneals, etc., on the 
E. W. B. single crystals 


Special care was taken, in the previous work, 
not to strain the crystals before making the 
electrical measurements. To test particularly the 
possibility of strain occurring during the neces- 
sary manipulation, several of the E. W. B. 
crystals were carefully removed from the holder, 
replaced and remeasured. This second measure- 
ment of resistivity agreed with the first in each 
case to about one part in three thousand. After 
application of the micrometers, however, a defi- 
nite change of resistivity occurred as shown by 
the closed circles in Fig. 2. In four cases distrib- 
uted throughout the range of orientations, the 
micrometer strains lowered the resistivity.” 


2! An attempt was made to find some correlation between 
the orientation of the lattice with respect to the direction 
of the stress produced by the micrometers. For instance, 
if a stress nearly parallel to the cleavage planes produced 
an increase in resistivity, the opposite effect might be 
expected for a stress perpendicular to the cleavage planes; 
also the inclination between the stress and one of the 
minor crystallographic axes might be significant. No 
obvious correlations of this sort were discovered. In one 
case, two crystals that behaved oppositely were grown 
from the same nucleus and had practically identical 
orientations of the lattice (@=26° and 27°, Fig. 2). To 
pursue this point further the stress would have to be more 
definitely controlled. 


and hundreds of degrees C. 


Hence, a strain does not necessarily produce an 
increase in the resistivity as heretofore supposed. 
While this fact appears adequate to account for 
some of the abnormally low resistivities found in 
previous investigations, it is necessary before 
accepting such an explanation to prove that the 
previous specimens were not only strained when 
measured but were definitely “‘strain-sensitive’™” 
in the same way as the writer's crystals. 

After the crystals had been strained by the 
micrometer measurements, some of them were 
subjected to various anneals and in some cases 
to further strains between anneals. These re- 
sults are given graphically in Figs. 3 and 4. 
The triangles represent initial values of resis- 
tivity, the closed circles values of resistivity after 
a strain, the nature of which is indicated by 
the small letter near the point (see Fig. title). 
The open circles show the resistivities after 
anneals, the duration and temperature (hours 
—degree C/100) being indicated beside each 
measurement. While the phenomena appear 
complex certain salient features may be pointed 
out. After the first strain, which in every case 
was due to micrometer measurements, a sub- 
sequent anneal returned the resistivity towards 
its initial value irrespective of whether the 
strained value was high (Fig. 3) or lower (Fig. 
4). A second micrometer strain produced the 
same effect as the first, even though many hours 
of annealing had intervened. Severe strains 


*2 That is zincs with more or different impurities might 


behave differently. 
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Fic. 5. Comparison of high and low temperature anneals for slightly strained crystals. 
Open circles (©), after an anneal of 15 hours at 390°C and all previous anneals as shown in 
Figs. 3 and 4; triangles (A), additional 24 hours at 390°C; crosses (+) additional 0.5 hour 
at 415°C; closed circles (@), after a final anneal of 84 hours at 190°C. 

Fic. 6. Resistivity of optically mosaic specimens. Closed circles (@), E. W. R. zinc; open 


circles (QO), E. W. B. 


(B, T, M) with one exception (T on 69° crystal 
Fig. 4) produced increases in resistivity. An- 
neals for longer times and at successively higher 
temperatures in general caused increases in re- 
sistivity except for crystals of low orientation. 
A final long anneal at a low temperature (190°), 
however, restored the slightly strained crystals 
to initial values. The effect of the last few anneals 
is shown somewhat differently in Fig. 5. A definite 
equilibrium condition appears to be reached for 
an anneal of 15 hours® at 390°C,™ open circles, 
subsequent anneals, longer (triangles) or higher 
(crosses) producing no marked effect. All these 
points lie rather smoothly upon a line above the 
normal line, the departure from the normal 
being proportional to sin*#. The final anneal of 
84 hrs. at 190°C on eight of the crystals distrib- 
uted throughout the orientation range is shown 
by the closed circles. The solid line represents 
the normal resistivities (lower line in Fig. 1). 
The effectiveness of this low temperature anneal 
in restoring the normal resistivities is very strik- 
ing, particularly after the failure of the high 
temperature anneals. The case of the 90° crystal 
is particularly interesting in that this anneal 
lowered the resistivity to the line determined by 
the other single crystals in spite of the fact that 
its initial resistivity was higher than normal. 

8 This does not include the time required to heat and cool 


the tal. 
a difference in temperature between the two ends 


of the specimen was less than 3°C. 


After this restoration to initial resistivities the 
crystals appeared far more strain-sensitive than 
they were just after growth since it was found 
that very slight handling again increased the 
resistivity. 


Optically mosaic specimens 

The initial resistivities for both sets of O. M. 
specimens are shown in Fig. 6. The points are 
considerably scattered. In the case of the E. W. 
B. zinc, the majority of the points fall below the 
line for the corresponding single crystals. Except 
for the accidental bending of two specimens, 
29° (E. W. B.) and 45° (E. W. R.), all were 
handled as carefully as the single crystals. In 
view of the strain effects previously described 
for single crystals, it seems probable that the 
initial, and usually abnormal, resistivities of 
O. M. specimens are due to strains incurred 
during the growth process, particularly during 
the slow cooling after solidification since the 
elements of the O. M. structure are not of pre- 
cisely the same orientation and would contract 
differently. Depending upon the amount and 
character of the strain, abnormally low as well 
as abnormally high resistivities are to be ex- 
pected. It is obvious, moreover, that such speci- 
mens cannot be expected to adhere to the 
Voigt-Thomson symmetry relation. 

After the results just described were obtained, 
it seemed very probable that the scattering of 
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results found by Tyndall and Hoyem*! for the 
S. P. crystals could be explained by assuming 
that some of those crystals were O. M. and not 
single. A re-examination by Professor Tyndall 
of the remaining fragments confirmed this hy- 
pothesis, some O. M.'s being found but not of 
very pronounced types. They consisted mainly 
of occasional ‘“‘mosaic patches” near the edges 
of the cleavage planes, or double crystals of 
nearly the same orientation. It is not possible 
to ascertain definitely now just how many of the 
crystals were O. M. but the presence of only a 
few is sufficient to account for the results of 
Tyndall and Hoyem. It is interesting to note 
that several other properties of these crystals 
which were investigated by Hoyem™ showed no 
abnormality, O. M. specimens apparently be- 
having like single crystals. 

Whether the scattered results of other workers 
can be explained by the presence of mosaics 
cannot be asserted, but it is apparent that such 
results can be duplicated by the use of a mixed 
set of O. M. and single crystals. 

The O. M. specimens showed very marked and 
characteristic effects due to repeated successive 
strains and anneals. Typical results are shown in 
Fig. 7 in which is plotted for each specimen 
the difference (p—,) between its resistivity and 
the normal resistivity (i.e., that of a single 
crystal of the same orientation) against the 
state of the specimen as shown by the letters 
along the axes of the abscissae. The effect of a 
pronounced strain, whether bending or twisting, 
is to raise the resistivity. A following anneal 
always lowers it, occasionally to values even 
below the normal value. There is no apparent 
correlation between the types of O. M., as 
classified by Schilling,’ and the magnitude of the 
effect produced by certain strains or anneals. 
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Fic. 7. Effect of successive strains and anneals on 
optically mosaic specimens. G, as grown; A, after anneal; 
m, after a slight strain produced by micrometers; T, after 
a twist of 1° per cm length; B, after bending and straight- 
ening. 


Practically all of the anneals for these specimens 
were at low temperatures and for short periods 
of time, usually at 200°C for 5 hours. None of 
the strains were severe enough to produce 
visible strain bands on the surface of the speci- 
mens. None of the specimens recrystallize on 
heating. An attempt to recrystallize a slightly 
strained O. M. specimen into a single crystal 
by keeping it at 417°C for one hour was un- 
successful. The O. M. structure looked exactly 
the same afterwards as before, indicating possibly 
that the strain was everywhere below the critical 
strain needed for recrystallization. 

In conclusion, the writer wishes to thank 
Professor E. P. T. Tyndall for suggesting the 
problem, for this helpful criticisms and for his 
continued interest throughout the investigation. 
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LETTERS TO THE EDITOR 


Prompt publication of brief reports of important 
discoveries in physics may be secured by addressing 
them to this department. Closing dates for this 
department are, for the first issue of the month, the 


On the Study of Cosmic Rays at the Great Altitudes 


The ionization produced by cosmic rays at different 
altitudes has been measured by many investigators. 
M. Cosyns, P. Kipfer and A. Piccard' have observed 
cosmic rays at the great altitudes by means of one counter. 
But it is especially interesting to determine at various 
altitudes the number of coincidences, produced in a train 
of Geiger-Miiller counters, for in this way only corpuscular 
rays are recorded. T. H. Johnson* and B. Rossi* have 
studied the cosmic rays by this method on mountains at 
the altitude 4-2 km. T. H. Johnson has found that the 
number of coincidences does not increase so rapidly as it 
could be expected from the ionization measurements. 
B. Rossi has detected a great number of secondary rays 
at the altitude 2370 m. 

It seems to be necessary to undertake these measure- 
ments at higher altitudes. For this purpose there has been 
constructed a portable apparatus, which can be taken by 
balloons. For the automatic recording of coincidences the 
method of Moltchanoff's radio-sounds has been used. The 
apparatus, which consists of 2 Geiger-Miiller counters, 
soldered in glass tubes, registers double coincidences, 
selected by an amplifier similar to that of B. Rossi. 

To reduce the influence of secondary rays, a lead plate 
2 cm thick was placed between the counters. The potential 
of 1400 v was supplied to the counters by a small storage 
battery used in radio-sounds. A constant temperature was 
maintained inside the apparatus by means of a special 
thermoregulator, and all the apparatus was surrounded 
by a thermal insulation. Besides the recording of co- 
incidences this apparatus determines from time to time 
the total number of discharges in one of two counters. 
The switching is made by a barograph, and the number of 
switchings gives the pressure data. 

To test this apparatus the latter was taken up at the 
railway station Shosseynaya (10 km from Leningrad) by 
an airplane under steerage of the pilot S. S. Lwoff. The 
observation of the cosmic rays in the airplane was made 
by B. B. Lobatch-Joutchenko. The results, obtained in 
this way during the flight on July 27 to the altitude 
5810 m are represented in Figs. 1 and 2. In Fig. 1 is shown 
the dependence of the number of coincidences per min. 
on the altitude (after subtraction of accidental coinci- 
dences). Because of the small number of coincidences the 
probable error is 10-20 percent. 

The results are in accord with those of T. H. Johnson, 
who has found an increase of 3.78 times for the altitude 
4.33 km. They also give a smaller value than that which is 
given by the ionization measurements. Fig. 2 represents 
the dependence of the total number of discharges in one 
counter on the altitude. 


twentieth of the precelding month; for the second 
isste, the fifth of the month. The Board of Editors 
does not hold itself responsible for the opinions ex- 
pressed by the correspondents. 
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In conclusion I wish to express my sincere thanks to 
Professor P. A. Moltchanoff for his continued interest, his 
many helpful suggestions, and for permission to do this 
work at the Aerological Institute. 


Aerological Institute, 
Slootsk, 
and 
State’s Radium Institute, 
Leningrad. 


September 11, 1934. 
1M. Cosyns, P. Kipfer and A. Piccard, Bull. de l'Acad. Roy. de 
$-me série, 19, 214 (1933). 


H. Johnson, Phys. Rev. 45, 569 (1934). 
* B. Rossi, Phys. Rev. 45, 212 (1934). 


S. N. VERNOFF 


Analysis of Recent Measurements of the Ionosphere 


The broad program of ionosphere measurements at the 
Department of Terrestrial Magnetism of the Carnegie 
Institution and at the National Bureau of Standards has 
been under way for several years. The results are beginning 
to emerge in papers by Kirby, Berkner, Gilliland, Norton, 
Wells, Stuart and others.' They have identified the 
existence of a third region of ionization, the F; region, 
lying above the E and F, regions and have traced the 
variations in all three regions in tropic, temperate and to 
some extent in polar latitudes, and in temperate latitudes 
during a total eclipse of the sun. The data may be said to 
be the first approach to a world-wide survey of the iono- 
sphere. 

An analysis of the data from the view that the ionization 
is caused by the ultraviolet light of the sun* yields the 
conclusions stated briefly below. More complete publica- 
tion will follow. I have had the benefit of helpful discussions 
with the authors of the papers and in many cases I have 
been given data either as yet unpublished or in advance 
of publication. 
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(1) From the fact that the heights of the E and F, 
regions change but little, it follows that the temperature 
of the high atmosphere from about 100 to 200 km above 
sea-level is constant within about 30°K during the day, 
night and season. Best agreement between the radio facts 
and the theoretical calculations is found if the temperature 
in these levels is taken to be rather warm, above 300°K. 

(2) The E region diurnal and seasonal data conform 
with the ultraviolet theory equations? for ions, yielding a 
value of order 10" for an, the ionic recombination loss. 
Theory gives the same value. 

(3) The F, region diurnal and seasonal data are in 
accord with the ultraviolet theory equations for electrons, 
yielding a value of order 10~* for bn’ the loss of electrons 
by attachment to oxygen molecules. Theory gives bn’ =2 
x<10-4. The F; region echo data during the total eclipse 
of the sun gave bn’=7x10-*. The F, region electron 
density y. agreed with the values derived from the skip 
distances’; for example, for zero zenith angle of the sun y, 
was 2.810 and from the skip distance data y, was 
3.2 X10. 

(4) The complex and at first sight curious facts of the 
F; region agree in the main with the following theory. 
Assume that the atmosphere above 250 km, the domain 
of the F; region, lying directly under the sun is ionized 
and strongly heated by the sunlight. Due to the heating 
the atmosphere expands and winds blow from this region 
away in all directions, blowing a wave of ionization with 
them. Eastward from the subsolar point and hence in the 
afternoon hemisphere, the wave moves in the same 
direction as the rotation of the earth and hence the 
ionization is in a large smooth wave, whereas westward 
and hence in the morning hemisphere, the wave moves 
against the rotation of the earth, is checked and is caused 
to whitecap, as in a tide rip. This is in accord with the F; 
observations which on the equator record a greatly 
disturbed and erratic layer in the morning with a maximum 
ionization at about 10 a.M., a minimum at noon and a 
smoother, less disturbed ionization in the afternoon with 
a broad maximum at 6 or 8 p.m. The waves which progress 
to the north and south are by the rotation of the earth 
diverted toward the east yielding a maximum in the early 
afternoon around 2 to 4 p.m. Exactly this is observed in 
temperate latitudes, there being only a single maximum 
in the F, region which occurs in the afternoon, being 
nearer to noon with increasing latitude. At night the F, 
region cools and the F; layer merges with the F, layer, as 
is observed. 

E. O. 

Naval Research Laboratory, 


October 4, 1934. 
1 Terr. Mag. and Atmos. Elec. 39, 215 (1934); Bur. Standards J. 
Research 12, 15 (1934); 


* Hulburt, Phys. Rev. 39, 977 (1932) and references therein. 


Transition Effects in the Cosmic Radiation 


As a part of a program of investigation of the variation 
of the Schindler’ transitions with altitude and latitude we 
have obtained the transition from air to lead at several 


THE EDITOR 823 


Taste I. Variation of ionization with upper lead shields 
various alistudes. 


Col. 1 thickness of Pb above chamber (cm); L 2 Cambridge, 
76, mag. lat. 53 N, ions per cm* per sec.; 3 Lima, barom- 
eter 76, mag. lat. 1 S, ions per cm!’ per sec.; col. yy ee barometer 
51.3, mag. lat. 1S, ions per cm’ per sec.; col. 5 Cerro de Pasca, barometer 
45, mag. lat. 1 S, ions per cm# per sec. 


Col. 1 Col. 2 Col. 3 Col. 4 Col. § 

6 noside 4.07 441 7.22 11.83 
shields 

0 with side 2.48 24 5.62 8.0 
shields 

4 2.48 5. 9.03 

1.27 2.43 5.70 8.57 

3.18 2.05 4.51 6.39 

9.2 1.79 3.06 4.01 

11.7 1.75 
14.3 1.74 2.94 3.74 
19.4 1.70 2.91 3.68 


stations (see Table I). The results represent the ionization 
in a spherical chamber of 230 cc volume, filled with argon 
at 30 atmospheres pressure (see Fig. 1), as a function 


7, 


fons per Cm per Sec 
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Taicaness of Upper Lead Shields in Cin 


Fic. 1. Transition 
magnetic latitude 1 S. (b) Cam latitude 
53 N. (c) Huanca: S. (d) Cerro 


de Pasca, barometer 45, 


of the thickness of the lead disks A, B, C, etc. placed above 
the chamber. These disks subtend a cone of 41° at the 
center of the chamber. The sensitivity of the apparatus 
was checked with a radium capsule and corrections were 
made for local gamma radiation by methods closely 
similar to those employed by A. H. Compton.* The 
ionization current was measured by means of an elec- 
trometer tube with continuous photographic recording. 
Our sensitivity gave a precision of § percent for a three 
minute interval for the smallest rates observed, although 
the statistical fluctuation for this interval was about 6 
percent. Each point represents agqveiemnaty twelve 
hours observation time. 
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The values in Table I are the observed ionization rates, 
corrected for barometer effect and local radioactivity. 
The curves were obtained by subtracting from the ob- 
served values an estimated ionization attributed to 
radiation which does not pass through the cone subtended 
by the lead disks. This estimate was made for each curve 
by applying Johnson's’ angular distribution data to the 
observation for 6.6 cm lead above the chamber (condition 
of approximate symmetry of shielding). The Lima curve 
(a) with only two observed points was traced in by com- 
parison with the Cambridge curve (b). The Cambridge 
curve (sea level) fits Schindler's data within experimental 
error, and therefore our results may be compared directly 
with his. 

The principal characteristic of an air to lead transition 
is the abnormal decrease in ionization for the first 10 cm 
of lead, indicating a lower equilibrium ionization under 
lead. In Table II we give the equilibrium ionization under 


Taste II. Comparison of transition effect for various altitudes. 
Col. 1 location; col. 2 mag. lat.; col. 3 barometer; cel. 4 equilibrium 
ionization under air in ions per cm! per sec.; col. 5 equilibrium ionization 
under lead in ions per cm® per sec.; col. 6 transition difference. 


Col. 1 Col. 2 Col. 3 Col. 4 Col. § Col. 6 
Cambridge 53.N 76 1.78 1.14 0.64 
ma 1s 76 1.53 0.98 0.55 
Huancayo 1s $1.3 4.27 1.77 2.50 
Cerro de Pasca is 45 6.85 2.09 4.76 


air, the equilibrium ionization under lead (obtained by 
extrapolation back along the dot dash curves, which are 
based on a primary absorption coefficient in lead of 0.0064 
per cm Pb), and the difference between these values 
representing the transition decrease. This table shows 
that the magnitude of the transition increases much more 
rapidly with altitude than the equilibrium ionization 
under lead. This suggests that the apparent soft component 
deduced from depth ionization data is due to a changing 
equilibrium condition rather than to a true soft primary 
component. The idea of a secondary shower producing 
radiation with much greater equilibrium intensity in air 
than in lead has been proposed by Bhabha‘ and Gilbert® 
to explain coincidence data on showers. Gilbert explains 
the transition effects in terms of variations in the shower 
producing radiation. This view is supported by the close 
parallel between the rapid increase of showers with altitude 
reported by Johnson’ and our nearly identical increase of 
transition magnitude. A similar increase was observed in 
the relative number of “kicks” (presumably due to showers) 
which appear on our records. 

It is of interest to note that the Cambridge to Lima 
latitude effect for zero upper shields and for 6.6 cm upper 
lead shields, is the same, namely, 14 percent. This implies 
that the magnetically deflectable component undergoes 
the same transition as the rest of the radiation. This 
conclusion is based on small differences and possible 
systematic errors limit its certainty. This point will be 
more definitely decided with completion of our observa- 
tions at high altitudes in northern latitudes. 

The research was supported by grants from the Carnegie 
Institution of Washington and the Harvard Milton Fund. 
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Active cooperation was given by the late Dr. J. L. Dunham, 
and by Professor H. R. Mimno, Dr. J. E. I. Cairns and 
the staff of the Huancayo Magnetic Observatory. 
J. C. Street anv R. T. Youna, Jr. 
Jefferson Physical Laboratory, 
Harvard University, 
September 27, 1934. 

1 H. Schindler, Zeits. f. Physik 72, 625 (1931). 

?A. H. Compton, Phys. Rev. 43, 387 (1933). 

+ T. H. Johnson, Phys. Rev. 45, 569 (1934). 


4H. J. Bhabha, Zeits. f. Physik 86, 120 (1933). 
*C. W. Gilbert, Proc. Roy. Soc. Al44, 559 (1934). 


Ferromagnetism and Liquid Mixtures 

The physical feeling of most physicists for the spon- 
taneous magnetization of ferromagnetics is behind his 
grasp of the mathematical formulation of the phenomenon. 
In this letter the writer wishes to strengthen this physical 
feeling by pointing out the close analogy between the 
development of magnetization, as the temperature is 
lowered below the Curie point, and another phenomenon 
with which everyone is familiar. This phenomenon is the 
separating out, as the temperature is lowered, of two 
phases from a homogeneous liquid mixture of two types of 
atoms. Bitter! first suggested a similarity between the two 
phenomena. 

In a given volume v let us have x gram moles of liquid 
A and 1—x gram moles of liquid B. The mixture will be 
homogeneous throughout v (one phase) for all concentra- 
tions 0<x<1 only if the temperature is above a cer- 
tain critical value 7,. Below this critical temperature 
two phases are present for a definite range of x, say 
X(T) <x<X;,(T). When «x lies in this range, the concen- 
trations of the two phases are X, and Xz, respectively, 
their relative amounts depending upon the precise value 
of x. This information is illustrated by the usual phase 
diagram in Fig. 1. We shall consider the particular case 


> 
- 
T 
» 
T Y c T<T, 
Y 
Fic. 1. Fic. 2. 


_ Fic. 1. Phase diagram. Shaded region represents unstable concentra- 
tions. Fic. 2. Free energy. Concentrations between the two minima are 


where atoms A interact with each other in identically the 
same manner as atoms B interact with each other. Then 
the phase diagram is symmetrical about x =1/2, and the 
quantity ¥(T) =X_—X;, is analogous to the magnetization 
J(t)/Jo of a simple ferromagnetic (one valence electron 
per atom, s state). Thus if each atom A had the magnetic 
moment 4, and each atom B had the magnetic moment 
—, the average magnetic moment per atom of the two 
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phases would be Yu and — Yu, respectively. We show 
below, with very general assumptions, that the function 
Y(T) is determined by the same equetion as is J(T)/Jo, 
namely 

Y=tanh YT./T. (1) 


In general the free energy per mole of a single phase, 
regarded as a function of x, has a common tangent at the 
two points X, and X;.* In our particular symmetrical case 
the free energy thus has minima at X; and X, (Fig. 2). 
Now if the mixture were in such a large volume V that it 
could be regarded as a perfect gas, its free energy would 
be RT |x log x+(1—x) log (1—x)} apart from a term inde- 
pendent of x. The difference between the free energies of 
the mixtures at v and V is /,"p dv. If we now assume an 
equation of state having the general form* 


(1 —x)*p2, 


where p:, ps, pi: are unspecified functions of » and T, we 
obtain the free energy as an explicit function of x. The 
symmetry of our case requires that p:=p2:=». Differen- 
tiating, we find the minima are determined by (1) with 


T.= po)de/R. 


If unlike atoms attract each other less strongly than like 
atoms, then p:2>o, and a critical temperature will exist. 
CLARENCE ZENER 
H. H. Wills Physics Laboratory, 
Bristol, England. 
The Institute for Advanced Study, 
Princeton. 
October 3, 1934. 
1 F. Bitter, Proc. Roy. Soc. A145, 629 (1934). 


2H. A. Lorentz, Lectures on Theoretical Physics, Vol. 2, p. 71 (1927). 
4 Handbuch d. Physik 10, 139. 


The Polymerization of Heavy Acetylene by Alpha-Rays 


Preliminary experiments showed that heavy acetylene! 
when mixed with radon polymerizes to a solid cuprene 
similar to that obtained in the same way from ordinary 
acetylene. Comparison of the two rates of polymerization 
was first undertaken in two separate glass spheres con- 
taining about 28 m.c. of radon each. The reaction was 
followed by the usual method of observing the fall in 
pressure. The data applied to the kinetic equation based 
on reaction rate proportional to the quantity of radon 
present and to the pressure of acetylene, showed that the 
two rates are identical within 5 percent. 

To refine the technique, a differential method was 
adopted which opposes the pressure changes in two spheres 
of equal volume containing the same quantity each of 
acetylene and of radon, thus avoiding any calculations 
by making a direct differential comparison. The rates 
were then progressively measured by the falling pressures 
and the differences were observed directly. 

Considering the total pressure changes from the be- 
ginning through any interval, the rates are the same within 
0.16-1.0 percent. Beginning with 780 mm of each, the 
polymerization of heavy acetylene is slightly faster until 
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about 530 mm when it is overtaken by that of light acety- 
lene, from which point the latter polymerizes somewhat 
faster. Considering the pressure changes in each individual 
interval, the difference in drop in no case exceeds 1.7 
percent, in some intervals is as low as 0.12 percent and 
becomes zero at one point, about 230 mm. 

We conclude that the two rates are equal except for 
these slight differences due to unknown secondary causes. 

Since the chemical action under alpha-radiation is 
proportional to the ionization, several other factors may 
be assumed to be equal within these same limits; namely, 
the probability of ionization of the light and heavy 
acetylene molecules (which we may term their relative 
molecular ionization), their stopping power and probably 
their total ionization. The same equal probability of 
ionization by a stream of electrons may also be assumed, 
which is of importance in the positive ray method of 
analysis of heavy hydrogen and its compounds. 


S. C. Linp 
J. C. Juncers 
C. H. 
School of Chemistry, 
University of Minnesota, 
October 9, 1934. 


1 Made by J. C. J. from pure calcium carbide and heavy water 
(99.5 percent) prepared in the laboratory by Professor H. S. Taylor 
at Princeton. 


Absorption of Hard X-rays and the Laws of Jénsson 


Hahn! recently published an investigation on absorption- 
coefficients of hard x-rays. However, in discussing the 
results the absorption laws of Jénsson* were not taken into 
consideration, in which case some completing remarks 
might be appropriate, especially as Hahn's determinations 
were made at low Z) and therefore are very suitable for 
obtaining a sequel to the work of Jénsson. 

In his dissertation Jénsson showed in the first place 
that there is a continuous relation between the absorption 
per electron », and Zi, and in the second place that the 
K-absorption discontinuity is equal to the quotient of the 
energies for the K- and L-levels.* In analogy with earlier 
absorption equations Jénsson writes 


[uel = (1) 


L =Loschmidt’s number. 

With any general acceptability the exponent f(ZA) can- 
not be expressed through constants, as is clearly shown by 
the curve for the relation between log [ul ]x and log Z), 
which Jénsson determined from the accessible empirical 
material. This curve is distinguished by a slow bend which 
becomes weaker at lower Zi. In Fig. 1 the part of the 
curve for log ZA>0.5 is taken from the lower part of the 
original curve. The values calculated from Hahn's deter- 
minations are indicated with circles. Some points fall in 
the region investigated by Jénsson and the agreement 
seems to be as good as is to be expected in absorption 
measurements. As no deviation appears for wave-length 
values greater than the wave-length of the K-edge of the 
absorber, it is evident that Hahn's results also are quite 
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in agreement with the rule for the absorption-discon- 
tinuities, The distribution of the points for smaller Z\ 
indicates that the slight bend of the curve here also asserts 
itself although there is no reason why a straight line 
should not be drawn. In this region, however, small errors 
in the scattering-coefficients have a very large influence. 
Really, if earlier experimental values of o are used, the 
curve will bend upwards below ZA =1.5. It is, however, 
more natural to draw the curve as in Fig. 1. 

It is often rather troublesome to use the older absorption 
formulas, as exponents and constants vary with the 
absorber and the range of wave-length and are to be looked 
for in different parts of the literature. Again, Jénsson's 
formula contains nothing but easily obtained quantities 
and nowadays the values of [ul Jx for different Z are 
to be found in commonly used handbooks.‘ Therefore this 
formula ought to be recommended for increased use in 
practical work. 

A valuable result from Hahn's investigation is, that if 
the defect in o is not too big, we have the possibility of 
determining the constant C in Eq. (1) and also certain 
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indications regarding the distinguishing elements of the 
function f(ZA). The curve in Fig. 1 gives log C= —1.881 
and then C=0.013. However, here the uncertainty is 
great, and the error might be about 10 percent. As a matter 
of fact, as the curve approaches a straight line for low 
values of Z\ the function f(ZA) must be approximately a 
constant for ZA>8. The curve gives as the value of this 
constant 3.05. Thus, if wanted, the relation between the 
absorption per electron and Z) can be written 


Jx small for ZA<8. (2) 
ARNE SANDSTROM 
Uppsala, Physics Laboratory, 
October 2, 1934. 


1T. M. Hahn, Rev. ba 149 wes 
Edvin Jonsson, Dissert., v. Arsskrift, 1928. 
Reference 2 60. 


Series Lines of Magnesium in the Solar Spectrum 


Paschen' has recorded six members of the series 
3'}\D—n'F* in the arc spectrum of magnesium (the last 
four from observations in a hollow cathode by Gremmer); 
and two members of the —n'F° series. The and 
terms are sensibly coincident. 

New measures of the infrared solar spectrum have 
showed the presence of all these lines, except one too far 
out at 414,877, and added three members to the singlet 
series and seven to the triplet series. The solar wave-lengths 
and intensities of these lines with the wave numbers, etc., 
are given in Table I. 


TABLE I. Series of magnesium lines in the infrared solar 
Spectrum. 


Solar Solar 
n 3D—n'F° intensity 3°D—n'F° intensity Av nF n* 
4 12083.40 2 14877.1* 
8273.55 


6993.95 3.9611 
5 9257.01 —2Nd? 10813.14 -3 
10799.66 9245.47 1554.19 4467.84 4.9560 
6 8213.043 3 9414.92 1 
12172.41 10618.53 1553.88 3095.09 5.9542 
7 7691.550 3 8736.040 7§ 
12997.71 11443.70 1554.01 2269.79 6.9530 
8 7387.710 3 8346.131 3 
13532.27 11978.31 1553.96 1735.23 7.9521 
9 7193.188 —IN? 8098.746 3N 
13898.22 12344.20 1554.02 1369.28 8.9521 
10 7060.450 1Nt 7930.819 1N 
14159.50 12605.57 1553.93 1108.00 9.9513 
ll 6965.464 —IN 7811.16 ON? 
14352.59 12798.68 1553.91 914.91 10.9519 
12 6804.967 —2N 7722.64 —2N 
14499.34 12945.38 1553.96 768.16 11.9523 
* Laboratory wave-length (Paschen). 
+ Blend of an atmospheric and solar line. 
§ May be only partially due to Mg. 


The wave-number differences between corresponding 
lines of the two series give good evidence of the correctness 
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of the assignment and of the actuab identity of the */* and 
1F° terms. In the homologous spectrum, Al II, the *G and 
1G series coincide, as Paschen and Ritschl have observed? 


and Goudsmit and Bacher have explained theoretically.’ 


The component levels of the *D and *F* terms in Mg I are 
sensibly coincident and there is no evidence of fine struc- 
ture. The term values and Rydberg denominators, n*, are 
given in the last columns of Table I. To secure a better 
run for the last members, Paschen’s term values have been 
increased by 1.5 cm™. The sequence is then very smooth. 

The identification of solar lines which have not yet 
been observed in the laboratory is no new thing, since 
hundreds of faint members of multiplets have been found 
in the predicted positions. Identification by series relations 
is new. In the present case all but the faintest of the new 
lines are shown to be of solar origin by the usual tests, 
(Doppler effect due to solar rotation; comparison of spectra 
taken with high and low sun); and not one has been pre- 
viously identified in an exhaustive comparison with known 
lines of other elements. In only one case, (\9257) was 
another possibly solar line near enough to deserve even 
provisional consideration, but this gave Av = 1554.46 which 
is quite inadmissible. 

The solar intensities run as might be expected except 
for wave-lengths exceeding 9000, where the estimates are 
provisional. The lines to the violet of 48200 have been 
examined on old plates of the sun-spot spectrum and 
show no change in intensity, or a slight weakening. Those 
between 47700 and \7000 show a definite Zeeman effect; 
for the rest the plates are not good enough. 

The lines of both series are more diffuse in appearance 
than typical Fraunhofer lines. This is reasonable, for, 
though the sun in an admirable “vacuum source,” these 
lines involve very highly excited atomic states and are 
not likely to be sharp. The great depth of the solar atmos- 
phere probably explains the appearance of so many lines 
which have not been observed in the laboratory. 

Henry Norris 
Harovp D. Bascock 
CHARLOTTE E, Moore 
Mount Wilson Observatory, 
October 9, 1934. 


1 Paschen, Sitzungsberichte der Preu Akademie der Wissen- 
ten, Phys.-Math. Klasse 32, 709 (19 


schaf 31). 
2? Goudsmit and Bacher, Ann. d. Physik 18, 872 (1933). 
* Goudsmit and Bacher, Phys. Rev. 43, 894 (1933). 


Artificial Radioactivity and the Conversion of Kinetic into 
y-ray Energy Associated with Nuclear Disintegration 
by Neutrons 


In all known disintegrations of atomic nuclei by bom- 
bardment with a neutron, there has been a capture of 
the neutron. Interesting relations are involved in such 
nuclear reactions: 


(1) Kinetic energy disappears (or rarely is conserved) 
(Fig. 2). 


(2) Although the kinetic energy of the neutron rises to 
about 15 m.e.v., the maximum kinetic energy which 
remains in the disintegration products is only 7.5 m.e.v. 
(Fig. 1). 
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(3) The minimum kinetic energy of the disintegration 
products rises (possibly linearly) with the initial kinetic 
energy, that of the neutron (lower dotted line, Fig. 1). 

The kinetic energy which disappears may be transformed 
into: (a) y-ray energy (Ey). (b) Energy of emission of 
negative or positive electrons. (c) Energy of a metastable 
state, which may subsequently appear as an artificial 
radioactivity. 

According to Fermi! the artificial radioactivity induced 
by neutron impact is almost entirely of the #-ray, or 
negative electron type. Only fluorine of the light elements 
was found to give the effect. ° 

Fermi attributes the radioactivity produced in fluorine 


to the new isotope of nitrogen (N") found by Harkins, 


Gans and Newson,? who considered that this isotope might 
be unstable, and emit a 8-particle to form oxygen 16. 
The reactions appear to be: 


92+ 


In this case the atom ;N,'* (B* in general), is not able 
to get rid of all of its energy of excitation by its series of 
rapid y-ray changes, and so a part of the energy is emitted 
later by the escape of an electron, possibly by the delayed 
emission of y-rays, or by both processes. 

The photographs involved have in no case revealed 
electron or positron tracks. However, the time of produc- 
tion of a track is only of the order of 107 second, and so 
artificial radioactivity of a longer life would not be revealed, 
but there is time for many y-ray changes to occur. 

Fermi thinks that no artificial radioactivity is induced 
when nitrogen or oxygen is bombarded by neutrons. Since 
no electron or positron tracks are visible in the photo- 
graphs, it may be assumed, if the mass also decreases, 
that all of the kinetic energy is converted into y-ray 


energy. Thus: 
Ey = —AKE—AEg, 
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where —AKE is positive and —AE,, a constant charac- 
teristic of each reaction, is either positive or negative. 

On this basis Fig. 2 indicates 

(4) that the total y-ray energy emitted in the process 
rises rapidly as the kinetic energy of the bombarding 
neutron increases. 
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Fic. 2. H, G & N: Harkins, Gans and Newson, F: Feather. M & P: 
2 Meitner and Philipp. 


A remarkable feature of Fig. 2 is 

(5) the absence of points in the lower right hand part 
of the figure. Thus the y-ray energy is always high if the 
neutron energy is high. 

If the y-rays represent quantized levels, then the values 
of the energy for any atomic species must lie, not on a 
single smooth curve, but on or near a series of horizontal 
straight lines, which would give a band as is found in 
Fig. 2. There may be, in addition, a continuous spectrum. 
As was pointed out earlier the present degree of experi- 
mental accuracy is not sufficient to resolve the definite 
energy values with any certainty. 

The atomic nucleus is found to be a remarkably efficient 
machine for the conversion of large amounts of kinetic 
into y-ray energy. 

D. HARKINS 
Davip M. Gans 
University of Chicago, 
October 10, 1934. 
Fermi, Amaldi, D'Agostino, Rasetti and Segré, Proc. Roy. Soc. 


A146, 483 (1934). 
? Harkins, Gans and Newson, Phys. Rev. 44, 945 (1933). 


On the Modified Ritz Variation Method 
Weinstein’s results' on bounds for eigenvalues W of 
(H—W)y=0 (1) 


may be derived and extended by variational arguments 
which avoid explicit reference to expansion theorems with 
their continuous spectrum difficulties. Using Weinstein’s 
notation we assume that self-adjointness of H and func- 
the singularities and boundaries* 


tional behavior near 
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allow partial integration to give 
JS (aHB)dr = (BHa)dr (2) 


for functional forms a and 8 relevant to what follows. 
(Relation (2) appears to be necessary for application of 
the variation method.) Then for any constant V 


Tn' = (integer m) 
will have the same value for all integers ry in O=r=m. 
We take variation re. ¢ 


subject to 
and the boundary conditions (3) 


as giving the discrete eigenvalues \ of 
Jy™ =0. (4) 


Substitution shows that ¥™=y and \™=(W—V)" 
satisfy (4). Moreover these solutions are exhaustive for 
(4) if the solutions of (1) form a complete set of functions 
(in the general sense of the term)—a property which is 
assured in general apparently. We have therefore from (3) 
that for “arbitrary” 


(5) 


where W, is that discrete eigenvalue of (1) which gives 
the least (W,,— V)™ for the chosen constant V (assuming 
that limit points of W’s are avoided). There are two 
separate cases: 

If is even | W;—V where W, is that 
level closest to V. Here our desire is to have J,;' as small 
as possible. Note that extremals re. V are given by 
(0/8 V) Ie: =0 = — Weinstein's formulae represent the 
case /=1. 

If m=2U+1 és odd provided 
that or (Ta W.-—V provided that 
W.=V. Note that here there is no extremal re. V since 
(0/8 = — (20+1) = — (2141) S ((H— Pdr ¥0 
unless (H—V)&=0. The ordinary Ritz result represents 
the case /=0 with V= /tHédr. 

J. K. L. MacDonaLp 

McLennan Physical Laboratory, 

University of Toronto, 


October 16, 1934. 


! Weinstein, Proc. Nat. Acad. Sci. 20, 529 (1934). 

2See MacDonald, Phys. Rev. 43, note (3), p. 830 (1933). Inci- 
Cuaty as a correction in Corollary 2.2, p. 832 replace s by s+1 and 
r by s. 

3 We being the lowest eigenvalue of (1). 


The Relation of the Primary Cosmic Radiation to the 
Phenomena Observed 


In a recent paper! the writer, discussing the significance 
of J. Clay’s* observations of the cosmic radiation down to 
depths of 270 meters below water, amplified a view sug- 
gested in former communications to the effect that the 
primary cosmic radiation of corpuscular kind produces 
no ions until by the production of showers (singles, doubles, 
and many-ray groups) it has fallen in energy below a 
certain critical value. On this view the primary corpuscular 
radiation is to be regarded as passing through our atmos- 
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phere with a density (measure by mumbers of rays per 
square centimeter, per second) which is independent of 
altitude. The apparent increase of intensity with altitude 
becomes really an increase in the number of secondaries 
(showers) resulting from increase of the energy (not 
number) of the individual primary rays with altitude. 
The purpose of this note is to amplify further this view. 
To avoid complexity we shall retain only the fundamental 
elements and shall confine ourselves to the approximation 
that the range of the secondaries is small compared with 
the effective thickness of the atmosphere, so that the 
ionization at any altitude is determined by the number of 
secondaries produced per centimeter per second at that 
altitude. We shall consider that the showers are all of the 
same kind. 

We shall first consider the simplest case, where the 
number of showers N, produced per cc by the primaries 
falling in unit solid angle, at the angle @ to the vertical is 


N,=aE, (1) 
where E is the energy of the rays and a is a constant. Since 
the rays lose energy by producing the showers, if x is an 
element of length measured along the path of the primary 

dE/dx = —BN,= —BaE (2) 
when 8 is a constant. 
Thus E=Be*= (3) 
and, from (1) N,=aBe~**, so that the observed intensity 
in the direction determined by @ follows an exponential 
law with a coefficient of absorption fa although the 
primaries are constant with altitude as regards number per 
square centimeter per second. 
We shall now take the next simplest case, where (1) is 
replaced by the more general form 
N,=a,E+a,E*+ --- etce., (4) 
in which a, ay, etc. are such that the corresponding terms 
are small compared with the term aE. Eq. (2) then 


becomes replaced by 
dE 
Je ~BNe= — Bn ete. (5) 


Solving this approximately by neglecting all terms in- 
volving higher powers of £ than the first, we obtain, as 
in (3), 

E = Bye . 


Substituting this in the terms of (5) involving E* and 
higher powers, we have 


dE/dx+ypE = — 8B, + - - - 
where » =8a;. The solution of this takes the form 
E=Be-“ + + +--- etc. (6) 


and N,, and so the measured intensity for the direction 
concerned, takes the form 


N,=a,Be-“* + + - - - etc. 
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The significant thing is that, starting with a primary radia- 
tion whose intensity (as measured by numbers of rays) is 
independent of altitude, we have arrived at an expression 
for the measured intensity which involves a contribution 
from a series of terms with absorption coefficients », 2, 
3u, etc. However, our hype**esis as to the smaliness of a, 
@;, etc., would presumably render these “harmonics” 
unobservable, and the fundamental would correspond to 
that coefficient 4 =0.5 per meter of water, cited by Millikan 
as representative of 90 percent of the radiation observed. 


Bearing upon variation of Stoss production in lead with 
altitude 

As part of a general program of investigation of Stoss 
production, in this laboratory, Dr. and Mrs. Montgomery 
have measured the rate of production of Stésse in lead at 
the summit of Pike’s Peak, at Colorado Springs, and at 
sea-level. The results, as yet unpublished, give a large 
increase with altitude, an increase much larger even than 
would correspond to the absorption coefficient of the softest 
component of the measured cosmic radiation. Now by con- 
sidering matters in the light of the theory given above, I 
think it is possible to see, in a natural way, how this may 
come about. Suppose that in the fundamental Eq. (4) 
which tells the story of Stoss production as a function of 
energy, the coefficients a;, a2, a, are functions of the 
atomic number A of the material in which the Stésse are 
produced. Suppose, for example, a; were proportional to 
A", and the other coefficients were independent of A. 
Then it might well be that while the a,Z* term was negli- 
gible for air it might be all important for lead. The story 
of the variation of EZ with altitude would go on as before 
and would involve only the constants characteristic of air. 
When, however, we came to calculate the rate of produc- 
tion of the Stésse in lead, it would be the a; term which 
was now significant, so that the Stoss production at two 
altitudes would be determined by the ratio of the values 
of E* at those altitudes,* and so by the ratios of the squares 
of the right-hand sides of (6) for the two cases. The pre- 
ponderant term involving e~™ in (6) will give rise to a 
term e~** so that the rate of Stoss production with altitude 
in lead will be twice that in air. If the a; term in (4) 
increased rapidly with the atomic number, the Stoss pro- 
duction in lead would show a rate of increase with altitude 
three times that for the main component of the apparent 
cosmic radiation. In general we may expect all of the a's 
to be functions of the atomic number so that the actual 
story may be expected to be more complicated in algebraic 
form, but not in quantitative significance. 

W. F. G. Swann 
Bartol Research Foundation, 
Swarthmore, Pennsylvania, 
October 17, 1934. 
1W. F. G. Swann, Phys. Rev. 46, 432 (1934). 
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3 To be meticulously exact we should say “for any given direction.” 
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